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ABSTRACT
Shell structures are used widely in nature and human-made systems due to their
ability to efficiently carry load using a relatively light structure, where the shell is a
curved surface with small, but finite thickness compared to the other dimensions. The
geometric characteristic of thin shells, i.e. slenderness, makes the shells able to rapidly
change shape via elastic instabilities. Despite the traditional view of instabilities as
deleterious and undesirable events for structural stability, nature has successfully
harnessed these instabilities to morph the shape of soft thin shell systems for several
purposes such as movement, development, and morphogenesis, which can result from
non-mechanical stimuli, e.g. heating, swelling, and biological growth, in the absence
of external, mechanical loadings. Through the shape-morphing process, lilies bloom
during spring, and Venus flytraps catch prey. Additionally, this process has been
applied to design soft robotics actuators and adaptive metamaterials. Therefore,
this thesis aims to understand the deformation and the instabilities induced by non-
vi
mechanical stimuli for soft thin shells and to present a novel stimuli-responsive shell
theory.
First of all, two-field partial differential equations are derived for deformation
problems under non-mechanical stimuli, based on the linear momentum balance for
the mechanical field and the non-mechanical quantity balance for the non-mechanical
field. For the mechanical field, the Kirchhoff-Love shell kinematics are utilized to de-
scribe the behavior of soft thin surfaces. In addition, the concept of the multiplicative
decomposition of deformation gradient is applied to calculate the internal stress state
induced by non-mechanical stimuli, and the projection method is employed in the
stress constitution to consider the general multi-layer surface as an exact 2D shell.
Moreover, the effect of mass addition from biological growth is dealt with on the
stress constitution. For the non-mechanical field, the internal diffusion flux is de-
scribed through the well-established diffusion law of gradient forms depending on the
stimulus type, such as Fick’s law and Darcy’s law. The derived two-field equations
are discretized to develop a computational tool based on the Isogeometric analysis,
which satisfies the continuity requirement on the shape function for the shell analysis.
The developed two-field shell formulation is applied to two example problems.
First, a pressure buckling problem of closed spherical shells in which a homogeneous
natural curvature exists is dealt with as numerical simulations are performed with a
thickness-direction differential swelling of a bi-layer spherical shell under pressure. To
analyze this problem, it is studied that as the homogeneous natural curvature acts
like pressure on the shell, the natural curvature impedes or accelerates the pressure
buckling depending on its sign. Second, the optic cup morphogenesis during embry-
onic development is studied, indicating that the optic cup formation is dictated by
elastic instabilities depending on the initial geometry of the optic cup. From our
vii
numerical simulation results, it is also shown that accounting for mass change from
biological growth is crucial to capturing the morphogenesis process through growth.
For the last portion of this thesis, a novel stimuli-responsive shell theory is pro-
posed as non-mechanical stimuli are considered as effective external loadings which
are functions of mid-surface fundamental forms that describe natural stretch and
curvature associated with the change in rest length and curvature of the mid-surface
under non-mechanical stimuli. In this novel theory, analytical equations are derived
to calculate the mid-surface fundamental forms that describe natural stretch and cur-
vature, with consideration for the effect of mass addition for biological growth cases.
The variational method is applied to this novel shell theory to derive the equilibrium
equation as well as a stability criterion of the linear stability analysis. In the derived
equilibrium equation, the standard equilibrium balance is solved between the stan-
dard internal stresses due to deformations from the initial body and external forces,
which enables a simpler physical interpretation of how non-mechanical stimuli work
on the initial body to deform it. As the weak form of the novel stimuli-responsive
shell theory has the same form as the conventional shell analysis, it is expected that
mechanicians and non-mechanicians alike can easily modify existing computational
tools with the effective external loadings calculated in this novel theory, in order to
study how various types of non-mechanical stimuli impact the mechanics and physics
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Shell structures are used widely in nature and human-made systems due to their
ability to efficiently carry load using a relatively light structure, where the shell is a
curved surface with small, but finite thickness compared to the other dimensions. The
geometric characteristic of thin shells, i.e. slenderness, makes the shells able to rapidly
change shape via elastic instabilities. Despite the traditional view of instabilities as
deleterious and undesirable events for structural stability [Koiter, 1969], nature has
successfully harnessed these instabilities to morph the shape of soft thin shell systems
for several purposes such as movement, development, and morphogenesis, which can
result from non-mechanical stimuli, e.g. heating, swelling, and biological growth, in
the absence of external, mechanical loadings. Through the shape-morphing process,
lilies bloom during spring [Liang and Mahadevan, 2011], and Venus flytraps catch
prey [Forterre et al., 2005]. Additionally, this process has been applied to design soft
robotics actuators and adaptive metamaterials [Yuk et al., 2017, Kim et al., 2018].
Therefore, this thesis aims to understand the deformation and the instabilities induced
by non-mechanical stimuli for soft thin shells and to present a novel stimuli-responsive
shell theory.
For shells under non-mechanical stimuli, the deformations cannot be obtained
through the conventional equilibrium between the internal and external forces or the
principle of minimum potential energy since there are no external forces to induce
the deformations. Hence, if one wants to find the deformation, additional terms in
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the internal stresses induced by the non-mechanical stimuli have to be considered for
the equilibrium state. Many studies have been done by researchers for deformations
under swelling and biological growth cases with various materials and constitutive
models [Ambrosi et al., 2011,Li et al., 2012,Holmes, 2019]. However, there are compa-
rably few studies that have studied the effects of non-mechanical stimuli using a shell
analysis. Therefore, in this thesis, two-field (mechanical and non-mechanical) partial
differential equations are derived to comprehensively cover the shape-morphing of soft
thin shells due to the non-mechanical stimuli, i.e. heating, swelling, and biological
growth, linking the mechanical and non-mechanical field through the additional terms
in the internal stress induced by the non-mechanical stimuli. For the additional terms
in the internal stress, the deformation gradient is decomposed into the mechanical
and non-mechanical parts through the concept of the multiplicative decomposition
in order to consider large deformations, as previously introduced in thermoelasticity
and the elastoplasticity [Stojanovic et al., 1964, Lee, 1969]. Since the intermediate
(stress-free) configuration in the multiplicative decomposition is generally incompat-
ible, residual stresses may remain in the deformed body. In particular, as mass is a
variable that impacts the strain energy density, it is clear that if the deformation is
due to biological growth, the change in mass during biological growth should modify
the internal stress in the body since the internal stress is calculated as the derivative
of the strain energy density with respect to the strain. Hence, in this thesis, the
effect of the change in mass on the internal stress states is considered while this effect
vanishes for the stimulus types which do not induce mass addition (e.g. heating)
or involve mass addition whose mechanical properties such as stiffness are negligible
compared to the ones of the existing body (e.g. swelling).
Specific forms of the non-mechanical part of the deformation gradient are intro-
duced depending on the target non-mechanical stimulus. Assuming Kirchhoff-Love
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(thin) shell kinematics, a monolithic computational approach is developed to solve the
coupled field equations enabling predictions of the deformation and elastic instabilities
induced by the non-mechanical stimuli, in which the field equations are discretized
using the Isogeometric analysis (IGA) approach. Employing the IGA analysis with
the Kirchhoff-Love shell kinematics provides an efficient computational cost and the
ability to exactly model curved geometries based on the characteristics of non-uniform
rational B-spline (NURBS) functions that are used as the shape function in IGA, and
satisfies the continuity requirement resulting from the second derivative in the curva-
ture tensor of the shell analysis. The strain energy density of a 3D surface continuum
is projected onto the shell mid-surface to treat the general multi-layer surface struc-
ture as an exact 2D shell body. Furthermore, a novel stimuli-responsive shell theory
is proposed in this thesis in order to deal with non-mechanical stimuli as effective
external loadings, such as pressure, traction, and torque, through mid-surface fuda-
mental forms that describe natural stretch and curvature associated with the change
in rest length and curvature of the mid-surface under non-mechanical stimuli. As this
novel shell theory is solved via the standard equilibrium balance between the stan-
dard internal stresses due to deformations from the initial body and external forces,
it enables a simpler physical interpretation of how non-mechanical stimuli work on
the initial body to deform it while as in the non-Euclidean plate/shell theory [Efrati
et al., 2009b], the use of intermediate configurations for internal stresses is challenging
to interpret because of its incompatibility. In addition, this novel theory allows us the
ease of computational implementation just by substituting the effective external load-
ings obtained in this novel theory, which can be calculated based on experimentally-
or theoretically-obtained data of each layer for general multi-layer surfaces, into the
mechanical, external load terms.
4
1.1 Background
The shell analysis has been studied and implemented computationally in many studies
focusing on the Kirchhoff-Love (thin) [Onate and Zárate, 2000,Stolarski et al., 2013]
and Mindlin-Reissner (thick) shell theories [Simo et al., 1990, Bischoff and Ramm,
1997]. Since the Kirchhoff-Love shell assumes that the normal vector of mid-surface
remains normal to the mid-surface after the deformation, it is possible to use only
displacement degrees of freedom to describe the shell behavior i.e. via the rotation-free
shell theory [Duong et al., 2017]. But, as the curvature tensor in the bending strain of
the shell analysis depends on the second derivative which results in the requirement of
higher order C1 continuity across the shell element boundaries, different approaches
have been applied to overcome this higher-order requirement [Brunet and Sabourin,
2006,Munglani et al., 2015]. The Isogeometric analysis (IGA) naturally incorporates
higher-order approximations since the non-uniform rational B-spline (NURBS) is used
as the shape function, which satisfies the C1 continuity requirement. Additionally,
since the NURBS exactly models all conic sections like circles, spheres, and ellipsoids,
the IGA is well-suited to curved-shell problems [Cottrell et al., 2009]. Therefore, a
comprehensive computational tool to analyze the shell deformation under the non-
mechanical stimuli is developed in this thesis by means of the IGA building on the
Kirchhoff-Love shell kinematics.
To analyze the deformation caused by non-mechanical stimuli, additional inter-
nal stresses induced by non-mechanical stimuli have to be considered. To deal with
this, many researchers have recently considered the deformation separately into the
non-mechanical and mechanical part, using the multiplicative decomposition of de-
formation gradient which was introduced in the thermoelasticity and elastoplasticity
of finite-strain non-linear continuum mechanics [Stojanovic et al., 1964, Lee, 1969].
As this decomposition is used to determine an imaginary intermediate (stress-free)
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configuration and to calculate the internal stress state induced by non-mechanical
stimuli in the body, this makes it possible to use the mechanical equilibrium equation
to determine how the structure deforms under the non-mechanical stimuli even in the
absence of mechanical, external loads. In the case of swelling of soft materials, the
deformation gradient is decomposed into the swelling part and the elastic mechanical
part. Duda et al. developed a general mechanochemical formulation to capture the
fluid absorption based on the finite-strain theory [Duda et al., 2010]. Chester and
Anand formulated a continuum-based theory considering the mixture of fluid and
solid as a single homogenized continuum body, with the coupling effect of mechanical
deformation and fluid permeation [Chester and Anand, 2010]. And, Chester devel-
oped a constitutive model to describe the large viscoelastic deformation coupled with
the fluid permeation [Chester, 2012]. Additionally, the Flory-Huggins theory has been
applied for the free energy change due to the mixing of the polymer network with the
fluid [Flory, 1942,Huggins, 1942], and the Gaussian/non-Gaussian statistical mechan-
ical model has been used to model the entropy change of the polymer chains [Treloar,
1975]. For biological growth cases, the most important phenomenon which has to
be considered in the growth modeling is mass change as the growth is a process of
size increase by the mass addition. New balance equations have been derived for
biological growth via the mixture theory which can treat the contributions of various
constituents consisting of tissues [Humphrey and Rajagopal, 2002, Garikipati et al.,
2004], or the open system thermodynamics considering tissues as a single-phase con-
tinuum material [Epstein and Maugin, 2000, Kuhl and Steinmann, 2003a, Kuhl and
Steinmann, 2003b]. Rodrigues et al. introduced the multiplicative decomposition of
the deformation gradient into the growth and elastic part for the general analysis
of finite volumetric growth [Rodriguez et al., 1994]. The biological growth is usu-
ally divided into two types called growth and remodeling [Goriely, 2017]. The term
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growth means the typical case of mass change through mass source and flux which
is discussed so far, and the term remodeling is used to describe re-distribution of
microstructures in response to the environment, which causes property changes like
stiffness and strength. As an example of remodeling, bone density is increased in
the playing arm of tennis players [Christen et al., 2014]. However, even though the
mass is a variable in strain energy density, and the internal stress is calculated as the
derivative of the strain energy density with respect to the strain, the physical inter-
pretation and the mathematical origin of the effect of mass addition on the internal
stress has not been studied to the best of our knowledge. Therefore, in this thesis,
a stress amplification factor due to the mass change in terms of biological growth is
derived based on the effect of mass addition on the stress constitution.
From the ideas of plasticity theory, the non-Euclidean plate theory (NEP) was
developed to describe flat surfaces in which residual stresses exist even in the absence
of mechanical, external forces [Efrati et al., 2009b]. This plate theory has been ap-
plied to study problems dealing with thermal expansion [Ozakin and Yavari, 2010],
gel swelling [Klein et al., 2007, Efrati et al., 2007], and growth [Goriely and Ben
Amar, 2005, Yavari, 2010]. In this non-Euclidean plate theory, a conceptual stress-
free configuration, corresponding to the intermediate configuration in the concept of
the multiplicative decomposition of deformation gradient, is prescribed using a target
metric tensor which may be incompatible in 3D Euclidean space. Then, a deformed
configuration is calculated via the mechanical equilibrium equations under the Gauss-
Mainardi-Peterson-Codazzi surface compatibility constraints to satisfy a sufficient
condition for the immersibility of a metric tensor of the deformed surface [Ciarlet,
2005]. However, it is physically difficult to interpret deformations with the surface
compatibility constraints as well as a fictitious stress-free configuration, which makes
it challenging to understand the mechanical role of the non-mechanical stimuli in
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the deformation. Therefore, a novel stimuli-responsive shell theory is proposed in
this thesis as non-mechanical stimuli is considered as effective external loadings using
mid-surface fundamental forms associated with the change in rest length and curva-
ture of the mid-surface under non-mechanical stimuli so that the stimuli-responsive
shell problems are solved via the standard equilibrium balance between the stan-
dard internal stresses due to deformations from the initial configuration and external
forces, which helps a better understanding for the origin of shell deformations under
non-mechanical stimuli.
1.2 Thesis Organization
In Chapter 2, we introduce the two-field partial differential equations to study defor-
mation of shells under non-mechanical stimuli, by starting with the linear momen-
tum balance for the mechanical field and the non-mechanical quantity balance for
the non-mechanical field. In the mechanical field, the Kirchhoff-Love shell kinematics
are employed for the soft thin shells. In addition, the concept of the multiplicative
decomposition of deformation gradient is adopted to calculate the internal stresses
induced by the non-mechanical stimuli with consideration for large deformations. In
the non-mechanical field, the diffusion laws such as Fick’s law and Darcy’s law are
used corresponding to the stimulus type for the internal diffusion flux. To deal with
general multi-layer shells, the 3D hyperelastic energy density is projected on the mid-
surface to calculate the resultant mid-surface internal stresses. In addition, the effect
of mass addition from biological growth on the stress constitution is studied. As the
derived two-field differential equation is discretized by using the Isogeometric analysis
(IGA), the resulting finite element forces and the tangent stiffness matrix are derived
to develop a comprehensive computational tool to solve deformation problems under
the non-mechanical stimuli.
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In Chapter 3, a pressure buckling problem of closed spherical shells in which a
homogeneous natural curvature exists is dealt with using numerical simulations, by
considering a thickness-direction differential swelling of a bi-layer spherical shell under
pressure. From theoretical analysis of this problem via a linear stability analysis, it
is revealed that as the homogeneous natural curvature acts like pressure on the shell,
the natural curvature impedes or accelerates the pressure buckling depending on its
sign.
In Chapter 4, the optic cup morphogenesis during embryonic development is stud-
ied, indicating that the optic cup formation is dictated by elastic instabilities depend-
ing on the initial geometry of the optic cup. From our numerical simulation results, it
is also shown that accounting for the mass change from biological growth is crucial to
capturing the morphogenesis process through growth. As it is studied that the main
origin of the deformation during the optic cup formation is a torque induced by nat-
ural curvature, a phase diagram is drawn to fully characterize the instability-induced
optic cup formation with respect to its initial geometry and the natural curvature.
In Chapter 5, a novel stimuli-responsive shell theory is proposed as the effect of
non-mechanical stimuli are considered as effective external loadings which are func-
tions of mid-surface fundamental forms that describe natural stretch and curvature
associated with the change in rest length and curvature of the mid-surface under
non-mechanical stimuli. Analytical equations are derived to calculate the mid-surface
fundamental forms that describe natural stretch and curvature, with consideration
for the effect of mass addition for biological growth cases. The variational method is
applied to this novel shell theory for the equilibrium equation, in which the standard
equilibrium balance is solved between the standard internal stresses due to deforma-
tions from the initial body and external forces, as well as the linear stability analysis.
The proposed novel shell theory is discretized by employing the Isogeometric analysis
9
(IGA) as a single-field (mechanical) equation for the numerical implementation. In
addition, several validation and case example problems are dealt with.
In Chapter 6, a conclusion on our stimuli-responsive shell theories (two-field and
single-field) is discussed with potential future works.
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Chapter 2
A Two-field Shell Theory
In this chapter, two-field partial differential equations are derived for deformation
problems under the non-mechanical stimuli, based on the linear momentum bal-
ance for the mechanical field and the non-mechanical quantity balance for the non-
mechanical field. For the mechanical field, the Kirchhoff-Love shell kinematics is
utilized to describe the behavior of soft thin surfaces. In addition, the concept of
the multiplicative decomposition of deformation gradient is applied in order to calcu-
late the internal stresses induced by the non-mechanical stimuli, and the projection
method is employed in the stress constitution to consider the general multi-layer
surface as an exact 2D shell. Moreover, the effect of mass addition from biological
growth is dealt with on the stress constitution. For the non-mechanical field, the in-
ternal diffusion flux is described through the gradient-form diffusion laws depending
on the stimulus type, such as Fick’s law and the Darcy’s law. The derived two-field
equations are discretized to develop a computational tool based on the Isogeometric
analysis, which satisfies the continuity requirement on the shape function for the shell
analysis.
2.1 Shell Kinematics
For thin surfaces, as the transverse shear deformations are negligible, the Kirchhoff-
Love shell assumption that the normal vector of the mid-surface remains normal to
the mid-surface after deformations is applicable to describe the geometry of thin shells
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[Kirchhoff, 1850]. Hence, Kirchhoff-Love shell kinematics are employed to describe
our target geometry in this thesis, soft thin shells. When a general thin surface is
considered in three-dimensional space, its material points are described by a general
mapping from the parametric domain [Sauer and Duong, 2017]. With the curvilinear
coordinates ξi, the general mapping of the current surface’s mid-surface is expressed
as r = x |ξ3=0= r(ξα) so that the material point of 3D surface body can be described
as x(ξi) = r + ξ3λ3n with the thickness-direction coordinate ξ
3 : [−h/2, h/2] where
λ3 is the thickness-change ratio between the current and initial surface, and n is the
surface unit normal vector, h is the initial surface thickness. In this thesis, a change
in thickness during the elastic deformation is allowed for the sake of generality and
calculated by using the plane-stress condition owing to the thin thickness of shells.
We note that most thin shell theories assume a constant thickness during the elastic
deformation by using the plane-strain condition as well as the plane-stress condition.
In this thesis, Latin indices take 1,2,3, and Greek indices are restricted to 1,2. Based
on the parameterization of the surface, the covariant tangent vector on the current
mid-surface is obtained using the parametric derivative as




Using the covariant tangent vector, the metric tensor (first fundamental form) of the
current mid-surface, which has information about lateral distance between material
points on the mid-surface, is obtained as
aαβ = aα · aβ. (2.2)
The dual vector is calculated as aα = aαβaβ with a
αβ = [aαβ]
−1 such that aα ·aβ = δαβ





|| a1 × a2 ||
(2.3)
which is called director in the Kirchhoff-Love shell theory. A projection of this surface
unit normal vector on the mid-surface gives information about local curvature of the
current mid-surface through the curvature tensor (second fundamental form) as
bαβ = n · aα,β = −aα · n,β. (2.4)
The third fundamental form is also defined as cαβ = n,α · n,β.
Similar to above, all differential geometry calculations on the mid-surface can be
also applied for the initial configuration and will be, in this thesis, denoted with the
over-circle notation, e.g. x̊, r̊, åα, å
α, n̊, åαβ, å
αβ, and b̊αβ.
2.2 Multiplicative Decomposition of Deformation Gradient
There has recently been significant interest in using the multiplicative decomposition
of the deformation gradient as a means for accounting for the effect of the non-
mechanical stimuli such as heating, swelling, and biological growth on the mechanical
response of structures and materials [Rodriguez et al., 1994, Lubarda and Hoger,
2002, Vujošević and Lubarda, 2002, Duda et al., 2010, Kuhl, 2014, Goriely, 2017]. In
this approach, the deformation gradient is composed as F = ∂x/∂x̊ = FmFn where
Fm and Fn are the mechanical (elastic) and non-mechanical part, respectively. The
non-mechanical part of deformation gradient constructs the conceptual intermediate
(stress-free) configuration as a one-to-one mapping function of the material point x̊
on the initial configuration Ω̊ to the material point x̃ on the intermediate (stress-free)
configuration Ω̃, whereas the elastic part describes the elastic deformation between
the intermediate and current configuration that satisfies the linear momentum bal-
ance with the material point x on the current configuration Ω. Then, the internal
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term of mechanical potential energy is calculated by means of the elastic part of defor-
mation gradient, i.e. deformation between the current and intermediate (stress-free)
configuration.
To apply this approach for the thin shells kinematics, we begin with the 3D co-
variant tangent vector which is obtained via the parametric derivative of the material
point of 3D surface body, e.g. gi = ∂x/∂ξ
i for the current configuration, based on
the differential geometry with the general coordinate system using the curvilinear
coordinates ξi embedded in the body. The covariant components of the 3D metric
tensor including information about distance between the material points is calculated
as gij = gi · gj for the current configuration, from which the dual vector is gi = gijgj
with gij = [gij]
−1 such that gi · gj = δij. All differential geometry calculations can
be also applied for the initial configurations, denoted with the over-circle notation,
e.g. x̊, g̊i, g̊
i, g̊ij, and g̊
ij. Meanwhile, the 3D metric tensor of the intermediate con-
figuration can be calculated as g̃ij = g̃i · g̃j where g̃i = Fng̊i based on the definition
of the non-mechanical part of deformation gradient as Fn = ∂x̃/∂x̊ = g̃i ⊗ g̊i. This
indicates that the stress-free 3D metric tensor is determined by the initial geometry
and the specific form of Fn which is depending on the stimulus type and profile. The
dual vector is calculated as g̃i = g̃ijg̃j with g̃
ij = [g̃ij]
−1 such that g̃i · g̃j = δij. Here,
we use the over-tilde notation for the differential geometry calculation in terms of the
intermediate configuration, e.g. x̃, g̃i, g̃
i, g̃ij, and g̃
ij.
As the elastic deformation is represented through the mechanical part of the de-




(Cm − I) = εijg̃i ⊗ g̃j, εij =
1
2
(gij − g̃ij) (2.5)




and the 2nd-rank identity tensor I.
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From the shell kinematics, the 3D metric tensor for the current and initial surface
body can be expressed using the fundamental forms on the mid-surface as
gαβ = aαβ − 2ξ3λ3bαβ +O(ξ3
2
), gα3 = 0, g33 = λ
2
3 (2.6a)
g̊αβ = åαβ − 2ξ3̊bαβ +O(ξ3
2
), g̊α3 = 0, g̊33 = 1 (2.6b)
where O(ξ3
2
) is negligible term due to the thin thickness of the shell. Assuming
that the intermediate configuration has a similar form of the 3D metric tensor for its
in-plane components as g̃αβ = ãαβ − 2ξ3b̃αβ +O(ξ32) yields





(λ23 − Fnn̊ · Fnn̊)
(2.7)
where Eαβ = (1/2)(aαβ − ãαβ) and Kαβ = λ3bαβ − b̃αβ are respectively the membrane
and bending strain on the mid-surface, with the fundamental forms on the mid-surface
of the intermediate configuration from the differential geometry given by










In this thesis, it is assumed that the intermediate (stress-free) configuration is
constructed via an isotropic area (in-plane) expansion induced by the non-mechanical
stimuli as shown in Fig. 2·1, as
Fn = eI + (1− e)n̊⊗ n̊ (2.9)
where e is the expansion factor owing to the non-mechanical stimuli, such that Jn =
detFn = e
2. In order to obtain the value of expansion factor e, the amount of a change
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in the non-mechanical quantity can be used based on the fact that the deformation
under the non-mechanical stimuli occurs due to the uptake (or decrease) of volume
that the newly added (or removed) non-mechanical quantity possesses. Denoting
the current non-mechanical quantity per current volume as φ (e.g. current chemical
concentration per current volume for swelling), the expansion factor associated with
the isotropic area expansion can be calculated as
e =
√
1 + vφ(Jφ− φ0) (2.10)
where vφ is the volume of a unit non-mechanical quantity (e.g. volume of a unit fluid
molecule for swelling), and φ0 is the initial non-mechanical quantity per initial volume,
and J = detF is the Jacobian for F that gives the information about volume change
between the current and initial body such that Jφ is the current non-mechanical
quantity per initial volume (e.g. current chemical concentration per initial volume for
swelling). Then, the 3D metric tensor of the intermediate (stress-free) configuration
is obtained as g̃αβ = e












which also leads to ε33 = (1/2)(λ
2
3 − 1).
Note that the isotropic volume expansion induced by non-mechanical stimuli
can be represented as Fn = eI in which the expansion factor is obtained as e =
[1 + vφ(Jφ− φ0)]1/3.
2.3 Two-field Equations
In this chapter, differential equations are derived from proper balance equations of
the mechanical and non-mechanical fields. For the sake of generality, the effect of
mass change during biological growth is considered while this effect will be ignored
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Figure 2·1: Schematic of non-mechanical deformation gradient Fn for
the isotropic area and volume expansion induced by the non-mechanical
stimuli, in which n̊ and m̊ are the unit normal vectors to the initial
surface and boundary curve, respectively.
in the case of heating where there is no change in mass and swelling where its non-
mechanical quantity has negligible stiffness compared to the existing body.
2.3.1 Non-mechanical Field Balance
As we discussed, the deformation under non-mechanical stimuli occurs due to the
uptake (or decrease) of volume that the newly added (or removed) non-mechanical
quantity possesses. For the case of general multi-layer surfaces, the change in the
amount of non-mechanical quantity on each layer may be different. In addition, even
if all layers have the same change in the amount of non-mechanical quantity, me-
chanical deformation behavior of each layer may be different due to different material
characteristics. Therefore, the non-mechanical field equation is derived based on the
non-mechanical quantity balance in a layer of the general multi-layer surface in order
to obtain the current amount of non-mechanical quantity in the layer after certain
source and flux are imposed, which is used to specify the non-mechanical deformation
gradient Fn of each layer as (2.9) with (2.10). In this thesis, it is assumed that any
of the non-mechanical field is constant through the thickness direction in a layer.
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Figure 2·2: Schematic of the non-mechanical source and flux on a
layer. From its geometry, the non-mechanical flux flows into the layer
body through the surface normal direction (n) as well as the boundary
normal direction (m).
With the current non-mechanical quantity per current volume φ, the non-




















where d/dt is the material time derivative, and da =
√
det aαβdξ
1dξ2 and ds = ||dr||
are the area and line element of the current shell, respectively. As shown in Fig. 2·2,




are the non-mechanical fluxes through the normal direction to the surface and the
boundary curve, respectively, in which F is the non-mechanical flux vector per area
(e.g. chemical fluid flux for swelling), and m is the unit normal vector to the current
boundary curve. With the Stokes theorem and the Reynolds transport theorem, this
















2d = −Fn −∇α
(∫
l





where F2d = ∂r/∂r̊ is the mid-surface deformation gradient, and ∇α is the covariant
derivative based on the current configuration, and the over-dot denotes the material
time derivative like d/dt. As (2.13) is the local form at the material points within
the layer, the in-plane flux component with the covariant derivative, i.e. the second
term of RHS of (2.13), represents the internal diffusion flux on the layer. Therefore,
the current non-mechanical quantity per current volume φ according to the flux and
source is solved through (2.13). Here, it is assumed that the mid-surface of a layer
can be described using the mid-surface fundamental forms of the entire multi-layer
surface due to its thin-thickness geometry.
The physical meaning of the non-mechanical quantity φ is as below depending on
the stimulus type: for heating, φ = ρcqT [Joule/m
3] is the current heat energy per
current volume with the heat capacity cq [Joule/(kg·K)] and the absolute temperature
T [K]; for swelling, φ = cφ [mol/m
3] is the current chemical concentration per current
volume; and for biological growth, φ = ρ [kg/m3] is the current mass per current
volume.
2.3.2 Mechanical Field Balance
In this thesis, deformation problems are solved based on the shell analysis. That is,
the mechanical field equation is derived based on the linear momentum balance on the
mid-surface of shells in order to find a deformed shape in a state of equilibrium, using
the Kirchhoff-Love shell theory [Niordson, 2012, Sauer and Duong, 2017]. We will
assume that the stress state is approximately plane and parallel to the mid-surface.
That is, the Kirchhoff-Love assumptions, εα3 = 0, are used for our target geometry,
i.e. thin shell surface, leading that the three-dimensional problem can be posed on
the shell mid-surface by reducing the dimensionality.
First, the mechanical field balance is started with the mass balance which can be
obtained as φ→ ρ, F →M, and S → SM in (2.13) with extending the integration
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domain to the entire thickness domain, in which ρ is the current mass density per
current volume, and M and SM are the mass flux vector and source in terms of





















with Mn = M · n. Note that for heating and swelling, the mass flux and source
vanish as previously discussed because heating does not involve mass change, and
similarly, mass changes during swelling are associated with the chemical fluid mass
whose stiffness is negligible compared to the existing body.




















λ3M ·m dξ3, in which b is the body force, and Tσ is the traction. Here,
the mid-surface stress tensor σ2d and the moment tensor µ are introduced [Niordson,
2012,Sauer and Duong, 2017], as
σ2d = N
αβaα ⊗ aβ + Sαaα ⊗ n (2.16a)
µ = −µαβaα ⊗ aβ (2.16b)
in which Nαβ, Sα, and µαβ are the sectional force and moment components, such




Tm. Note that the moment vector is a quantity introduced for convenience as
a moment vector physically acting on the element is the rotated quantity as n× Tµ.
Then, the local form of the linear momentum balance is obtained using the mass
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λ3M · aα dξ3
)
∇αṙ. (2.17)
Therefore, the shell deformation problem can be solved through (2.17).












r × Tσ ds+
∫





r × (−Mnṙ) da+
∮
r × (−Mnṙ) ds+
∫
r × SMṙ da
(2.18)
which satisfied if and only if Nαβ−µγαaβθbθγ−
(∫
λ3M · aα dξ3
)
(ṙ ·aβ) is symmetric
(Nαβ − µγαaβθbθγ ≡ ςαβ in this thesis), as well as Sα = −∇βµβα which represents
the well-known Kirchhoff-Love shell result that the normal shear component of the
Cauchy stress is calculated through the derivative of the moment tensor [Sauer and
Duong, 2017]. Despite that symmetry condition, the in-plane component Nαβ of the
mid-surface stress σ2d is not symmetric in general since the mixed curvature tensor
aβθbθγ is not symmetric in general.
2.4 Constitution with Consideration for Mass Addition dur-
ing Biological Growth
As mechanical and thermal energies are essential in many problems of physics and
engineering, the development of thermodynamics, in which the balance principles
of mass and linear momentum are supplemented by energy balance and entropy
inequality, has been recognized as one of the most important achievement in the
physics [Truesdell and Toupin, 1960,Kestin, 1979,Silhavy, 2013,Wilmanski, 2012].
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The first law of thermodynamics postulates an energy conservation such that en-
ergy can be transformed between various forms but cannot be created or destroyed. In
the case where non-mechanical stimuli are also considered, the energy balance includes
the non-mechanical power for each stimulus and can be used to derive constitutive
equations. With the curvilinear coordinate system, denoting the internal energy per




σij ġij︸ ︷︷ ︸
mechanical
power
+ (−divfth +Qth)︸ ︷︷ ︸
rate of
thermal potential
+ (−divf +Q)︸ ︷︷ ︸
rate of
non-mechanical potential
except for the thermal




where σij are the contravariant components of the Cauchy stress as σ = σijgi ⊗
gj. Here, we consider the general case where multiple non-mechanical stimuli are
acting on a body as keeping consistency with themodynamics. Thus, fth and Qth are
respectively the thermal potential flux and source whereas f = µφF and Q = µφS3d
are respectively the non-mechanical potentials from the non-mechanical quantity flux
per area F and source per volume S3d except for the heat flux and source, with
the potential per unit non-mechanical quantity µφ (e.g. chemical potential of a fluid
molecule for swelling) as following the concept of [Gurtin, 1996, Fried and Gurtin,
1999, Fried and Gurtin, 2004]. Note that the heating stimulus case is recovered as
fth → F and Qth → S3d with µφ → 0. We denote the internal energy per unit mass
corresponding to the newly added (or removed) material from the mass flux M in
terms of biological growth as EM instead of just using E since the new material may
have different mechanical behavior with the existing material. As the first law of
thermodynamics deals with the energy transfer, the second law of thermodynamics
covers the direction of the energy transfer process by using the entropy inequality
based on the fact that the rate of entropy change is relevant to the thermal potential
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change divided by temperature. Thus, the entropy inequality takes the local form
[Lubarda and Hoger, 2002], as








−M · gradη (2.20)
where η the the specific entropy. By using the Helmholtz free energy per mass ψ =
E −Tη, one can get Ė = ψ̇+ Ṫ η+T η̇. Then, the combination of the energy balance of
(2.19) and the entropy inequality of (2.20) is written using the Helmholtz free energy,








·gradT−divf+Q−M·(gradEM−Tgradη) ≥ 0 (2.21)
where the first and second terms on LHS of (2.21) are the internal dissipation as-
sociated with entropy production by the mechanical power (called Clausius-Planck
term), and the third term is the thermal dissipation with entropy production by heat
conduction, and the fourth and fifth terms are the non-mechanical dissipation except
for the thermal dissipation, and the last term is the dissipation due to the newly
added (or removed) mass from the mass flux in terms of biological growth, which
indicates that the dissipation in the material is always greater than zero. Here, using
the non-mechanical quantity balance in a 3D body as φ̇+ φdivẋ = −divF +S3d into
(2.21) gives






−F · gradµφ + µφ(φ̇+ φdivẋ)−M · (gradEM − Tgradη) ≥ 0.
(2.22)
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Then, multiplying the Jacobian J = detF with (2.22) leads to the total Lagrangian
form as






− F̊ ·Gradµφ + µφ ˙̊φ− M̊ · (GradEM − TGradη) ≥ 0
(2.23)
where Σij = Jσij are the contravariant components of the 2nd Piola-Kirchhoff stress
as Σ = Σijg̊i⊗ g̊j, and φ̊ = Jφ is the current non-mechanical quantity per initial vol-
ume. From grad(·) = F−TGrad(·), f̊th = JF−1fth is the pull-back thermal potential
flux, and F̊ = JF−1F is the pull-back non-mechanical flux, and M̊ = JF−1M is
the pull-back mass flux in terms of biological growth.
In this thesis, the free energy per mass ψ is assumed to depend on gij and φ̊, i.e.
ψ = ψ(gij; φ̊). Then, plugging ψ̇ = (∂ψ/∂gij)ġij + (∂ψ/∂φ̊)
˙̊
φ into (2.23) leads to(






















This equation is be used to derive constitutions to calculate the internal stress Σαβ









Note that if the free energy per mass ψ has the temperature T as its variable, the
constitution of specific entropy is obtained as η = −∂ψ
∂T
.
As shown above, the internal stress is calculated as the derivative of free energy
density per initial volume, i.e. Jρψ, with respect to the current 3D metric tensor,
i.e. gij. Note that as the Green-Lagrange strain tensor is εij = (1/2)(gij − g̃ij),
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this stress constitutive equation can be written with respect to the strain tensor as
Σij = (Jρ) ∂ψ
∂εij
. Since the current mass density ρ is a variable in the free energy density
and involves a change in mass from the initial mass in the body, it is clear that the
internal stress should be modified if the added (or removed) material associated with
the added (or removed) non-mechanical quantity has comparable structural proper-
ties, such as stiffness, to the existing body like biological growth cases. Therefore, we
shall now account for mass uptake to determine its effect on the 2nd Piola-Kirchhoff
stress Σij. Again, note that we only deal with a change in mass that has comparable
structural properties to the initial existing body. If there is no mass uptake, Jρ is
equal to the initial density ρ0 from the mass conservation, so the 2nd Piola-Kirchhoff
stress is calculated as Σij = 2ρ0(∂ψ/∂gij) = 2(∂Ψ0/∂gij) which is the standard stress
representation with Ψ0 = ρ0ψ that is the energy density form in the standard contin-
uum mechanics with no mass addition using material properties of the initial body.
In contrast, if mass uptake exists as in biological growth, Jρ 6= ρ0. Thus, the inter-
pretation of Jρψ has to be established to quantify the effect of mass uptake on the
internal energy and stress.
We consider an infinitesimal element at a material point in a body, at which the
current mass density per current volume ρ can be expressed as M/V where M and V
are mass and volume of the infinitesimal element on the current configuration. Since
the current mass M is M = M0 + ∆Mg where M0 is the initial mass and ∆Mg is
the mass increase due to biological growth, the current mass per initial volume Jρ
can be calculated as Jρ = ρ0 + ∆Mg/V0 where V0 is the volume of the correspond-
ing infinitesimal element on the initial configuration. Then, the stress constitutive
















where the last second term is the stress modification that arises by accounting for
mass increase during biological growth. We denote the free energy corresponding to
the newly added material as ψg instead of just using ψ because the newly grown
material may have different mechanical behavior with the existing material. Note
that a negative value of ∆Mg implies shrinkage due to mass decrease. If the added
mass is assumed to have the same mechanical behavior and properties as the existing
material, the free energy of the new material has the same form as the free energy of
the existing material, i.e. ψg = ψ. Then, the effect of mass uptake on the stress can






Thus, the key result of (2.27) is that mass change due to biological growth results
in a stress amplification factor of ρr that modifies the state of stress in the body
compared to standard continuum mechanics of 2∂Ψ0/∂gij which does not account for
mass change, assuming that the added material is the same as that of the original
body. Note that the stress amplification factor (ρr = Jρ/ρ0) derived in this chapter is
also intrinsically accounts for the stimulus types without mass addition due to Jρ = ρ0
for those cases. Hereafter, in this thesis, it is assumed that biological growth occurs
with mass addition that has the same material behavior and properties as the existing
body. This stress modification due to the mass addition during biological growth is
clearly reconciled with the method of minimum potential energy. The internal term









where dV is the volume element of the current body. For the assumption in this thesis
that the added material during biological growth is the same as the existing material,
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where dV̊ is the volume element of the initial body. By virtue of the variation of the





























which gives the same stress constitution, relying on the symmetric characteristic of
the stress, as (2.27).
Two cases frequently considered in biological growth problems are density-
preserving growth and densification (volume-preserving growth). The density-
preserving growth means Jmρ = ρ0 where Jm = detFm is the Jacobian for the
mechanical part of deformation gradient, so the stress amplification factor is ob-
tained as ρr = Jρ/ρ0 = JmJnρ/ρ0 = Jn where Jn = detFn is the Jacobian for the
non-mechanical part of deformation gradient. That is, the stress amplification fac-
tor is e2 for the isotropic area expansion, used in this thesis, induced by biological
growth. The physical meaning of this stress amplification factor is that ignoring the
amplification factor induces a decreased Young’s modulus in the grown body as 1/Jn
of the initial Young’s modulus. Note that the densisty-preserving growth can be
implemented using vφ = 1/ρ0. Meanwhile, the densification means J = 1, so the
stress amplification factor has ρr = Jρ/ρ0 = ρ/ρ0. Note that the densification can be
implemented using a constraint as J − 1 = 0.
In the case of homogeneous biological growth in the body, the stress amplification
factor is applied uniformly on the whole body, so there is no effect on the equilibrium
configuration. However, if a body grows locally, which is the typical reason for shape-
27
morphing due to biological growth, the mass change may have a significant effect,
particularly for processes involving large amounts of growth, such as the embryonic
development process. We will show this in Chap. 4 for the optic cup morphogenesis.
We note that previous works [Ben Amar and Goriely, 2005] have obtained a stress
amplification similar to that shown in (2.27), with the factor being J = detF . This
extra factor is the same as the one in (2.27) for a specific situation where 1) growth is
density-preserving; 2) the added mass during growth is the same as the existing one;
and 3) elastic deformation is incompressible. That is, the stress amplification factor
derived in this chapter in terms of biological growth generalizes previous works [Ben
Amar and Goriely, 2005]. However, because not only soft elastic materials may be
compressible but also biological growth occurs in various ways, both the resulting
physical interpretations and the mathematical origins of the stress amplification in
(2.27) are different than in reference [Ben Amar and Goriely, 2005]. Furthermore,
since the approach in reference [Ben Amar and Goriely, 2005] computes the extra
factor using elastic strains from the grown, and not reference state, it always gives
the same stress amplification as J for all types of stimuli, such as heating, swelling,
and biological growth, because it only depends upon the change in area or volume of
the material under consideration. For a simple example of why this may cause issues,
consider a material that is swelling by water. This material will be softer (i.e. its stiff-
ness deceased). On the other hand, if this material is growing by mass addition using
the same material as the existing one in the manner of density-preserving growth,
this material’s stiffness will be the same as before. However, using the amplification
of [Ben Amar and Goriely, 2005] would lead to the same stress amplification for these
very different physical situations. In contrast, the stress amplification we derived that
is represented by the density ratio (ρr = Jρ/ρ0) can describe the stiffness difference
between the stimulus types in terms of the mass addition as Jρ = ρ0 for the cases
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where there is no mass addition with comparable mechanical properties. For exam-
ple, as heating does not induce a change in mass, there is no stress amplification,
which is consistent with the mass balance equation when Jρ = ρ0 such that the stress
amplification factor Jρ/ρ0=1. For swelling, because the stiffness of the absorbed fluid
is negligible, this leads to the mass balance equation Jρ = ρ0 such that the stress
amplification factor Jρ/ρ0=1.
As stated above, a thickness change during elastic deformation for shells is allowed
in this thesis for the sake of generality and can be calculated through the plane-
stress condition which is a common assumption in thin shells [Hughes and Carnoy,
1983, De Borst, 1991, Dvorkin et al., 1995, Hackl and Goodarzi, 2010, Kiendl et al.,







From the definition of 3D metric tensor to the surface normal direction, the value





3)/(ht − hb) where ht and hb are the top and bottom thickness coordinates
of the layer, respectively, such that ht − hb means the initial layer thickness. We
note that an alternative, plane-strain condition may be used for shell theories as the
thickness is constant during the elastic deformation, such that the current thickness
is calculated as ε33 = 0 for which λ3 =
√
Fnn̊ · Fnn̊.
In this thesis, we employ the additive decomposition for the free energy as ψ =
ψm + ψn with the mechanical part ψm = ψm(gij) and the non-mechanical part ψn =
ψn(φ̊), from which we denote Ψm0 = ρ0ψm and Ψn0 = ρ0ψn. For the mechanical
part, we use hyperelastic energy models for Ψm0 to describe soft, elastic material
behavior via the stress constitution of (2.27), such as the Saint-Venant model and
the neo-Hookean model. For the non-mechanical part, the constitution of (2.25b) is
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where kR is the universal gas constant, and χφ is the Flory-Huggins parameter, which
is considering the mixing of the polymer network with the chemical through its ma-
terial constant χφ. That is, the free energy density per initial volume is decomposed
as Jρψ(gij; φ̊) = ρrΨ0(gij; φ̊) = ρrΨm0(gij) + ρrΨn0(φ̊) such that the internal term of
total potential energy is also decomposed as W = Wm +Wn with the mechanical
(Wm =
∫
ρrΨm0 dV̊ ) and non-mechanical (Wn =
∫
ρrΨn0 dV̊ ) part.
2.5 Resultant Mid-surface Stresses
In the previous section, the stress constitution is derived based on the vanishing term
in (2.24) with respect to ġij, i.e. the first term of LHS on (2.24). By projecting
this term onto the mid-surface, the resultant mid-surface stresses can be obtained.























Then, the stress relation in the shell anaylsis, i.e. Σαβ = 1
h


























where ταβσ = Jaς
αβ and ταβM = Jaµ
αβ are the symmetric membrane and bending
stresses as the resultant mid-surface stresses, responding to the change in metric
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and bending tensor, respectively [Niordson, 2012, Sauer and Duong, 2017], with the




. Integrating the two equations of (2.34) over the
thickness coordinate domain leads to the constitution of resultant mid-surface stresses





















where the subscript l denotes the layer number for considering general multi-layer
surfaces, and ht and hb are the top and bottom thickness coordinates of each layer,
respectively. Note that the resultant constitution of (2.35) is consistent with the stress






[Bischoff et al., 2004,Roohbakhshan and Sauer, 2016], in which Ψ2d =
∫
Jρψ dξ3 is the
projected free energy density per initial area. We will use these resultant mid-surface
stresses to solve the shell deformation problems under the non-mechanical stimuli.
From the additive decomposition of free energy, the projected free energy density per




for the mechanical part and Ψ2dn =
∫
ρrΨn0(φ̊) dξ
3 for the non-mechanical part, from
which the mechanical and non-mechanical parts of internal potential energy can be
obtained as Wm =
∫




To numerically solve the shell deformation problems under non-mechanical stimuli,
the two-field balance equations of (2.13) and (2.17) are discretized based on those
weak-form formulations by using the Isogeometric analysis (IGA). As the IGA uti-
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lizes the non-uniform rational B-spline (NURBS) function as its interpolation shape
function, the continuity requirement of shell analysis is satisfied as well as curved
geometries of shells can be exactly described [Cottrell et al., 2009]. Moreover, as
the mechanical-field balance equation is based on the Kirchhoff-Love shell kinemat-
ics in which only the displacement degree of freedom is needed to be numerically
implemented, i.e. it is rotation-free, our computational model is numerically effi-
cient [Duong et al., 2017].
2.6.1 Weak Forms
To apply the finite element (FE)-discretization method to the derived two-field equa-
tions, the local (strong) forms of (2.13) and (2.17) are converted to the weak forms
which include proper boundary and initial conditions for each field equation.
To make the weak form of the non-mechanical field balance equation for each
layer of the general multi-layer surface, multiplying the admissible variation of the
non-mechanical field variable δφ with the local (strong) form of (2.13) and integrating




























δφ da = 0.
(2.36)
In this thesis, the total Lagrangian formulation over the initial configuration is used
by the area-change relations of da = Jad̊a and the 2D Nanson’s formula of mds =
JaF
−T
2d m̊d̊s where d̊a =
√
det åαβdξ
1dξ2 and d̊s = ||d̊r|| are respectively the area
and line elements of the initial shell, and m̊ is the unit normal vector to the initial
boundary curve. Hence, the non-mechanical weak form based on the total Lagrangian
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−hlF̊ · åαδφ,α d̊a =
∫
l











based on the assumption, used in this thesis, that any of the non-mechanical field
is constant through the thickness-direction coordinates in a layer. hl is the initial
layer thickness, and φ̊ = Jφ is the current non-mechanical quantity per initial vol-








' λ3Ja is used for the thin-thickness shell
surface. S̊ = JaS is the pull-back non-mechanical source while F̊n = JaFn and
F̊m = hlF̊ · m̊ are the pull-back non-mechanical fluxes through the normal direc-
tion to the surface and the boundary curve, respectively. For the internal diffusion
flux in (2.37c), the well-established diffusion law of gradient forms, which has been
widely used for diffusion problems [Burmeister, 1993, Rohsenow et al., 1998, Huyghe
and Janssen, 1997,Smiles and Rosenthal, 1968,Sanz-Herrera et al., 2008], is adopted
to describe this phenomenon, as
F̊ = −D Gradϕ = −D ϕ,αg̊α ' −D ϕ,αåα (2.38)
where ϕ is a diffusion-related quantity depending on the stimulus type, and D is the
mobility constant depending on the materials. For heating and biological growth,
we employ the current non-mechanical quantity per initial volume for the diffusion-
related quantity, i.e. ϕ → φ̊, which corresponds to the diffusion type of Fick’s law.
For swelling, the diffusion-related quantity is set to have the chemical potential per
unit non-mechanical quantity, i.e. ϕ → µφ, which is consistent with the diffusion
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type of Darcy’s law where the mobility constant is set to D → Dφ̊/(kRT ). Note that
in this thesis, the thickness-direction derivative ϕ,3 vanishes since it is assumed that
the non-mechanical quantity is constant through the thickness direction in a layer as
stated above.
The boundary and initial conditions are needed to be prescribed to complete this
non-mechanical weak form. Let us denote the complementary boundary lines as ∂Ω̊φ
and ∂Ω̊F in the sense of ∂Ω̊ = ∂Ω̊φ ∪ ∂Ω̊F and ∂Ω̊φ ∩ ∂Ω̊F = ∅. Then, a pair of








on ∂Ω̊F × [0, tend] (2.39b)
where the vertical bar with the subscript bc means that it is prescribed on the bound-
ary. In addition, the external flux to the surface normal F̊n and the source S̊ are also
needed to be prescribed in the interior of the layer body. For the initial condition,
the initial acceleration of non-mechanical quantity φ̈0, except the region of ∂Ω̊φ, is
needed to be prescribed for the non-mechanical weak form. For all numerical problem
cases considered in this thesis, the initial acceleration of non-mechanical quantity is
set to be zero. Furthermore, when a surface is made up of multiple layers, the inter-
nal diffusion phenomenon occurs also between the layers. To describe this inter-layer
diffusion, we utilize the out-of-plane flux in the first term on RHS of (2.37d) based










where the subscript ln denotes the neighboring layers of our target layer, and Dn is
the mobility constant in terms of the inter-layer diffusion.
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For the mechanical-field balance equation, multiplying the admissible variation of
the mid-surface position vector δr with the strong form (2.17) and integrating over







r̈ −∇α (σ2daα)− b+
(∫




· δr da = 0.
(2.41)
Using the area-change relations and the 2D Nanson’s formula as in the non-mechanical


























M̊ · åα dξ3
)
ṙ · δr −
(∫
M̊ · åα dξ3
)









· δr + T̊µ · δn d̊s+
∫
b̊ · δr d̊a (2.42e)






TF−T2d )m̊ are the pull-back traction and moment vectors, respectively, and
b̊ = Jab is the pull-back body force. ∇̊α is the covariant derivative based on the initial
configuration. In the internal term of (2.42c), the variation of metric and curvature
tensors is given as [Sauer and Duong, 2017]
δaαβ = δaα · aβ + aα · δaβ (2.43a)
δbαβ = (δaα,β − Γγαβδaγ) · n (2.43b)
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with δaα = δr,α and the Christoffel symbol of the second kind Γ
α
βγ. As stated in
the non-mechanical weak form, the internal mass diffusion flux of (2.42d) in terms
of biological growth is calculated in this thesis as M̊ = −DMρ̊,ig̊i = −DMρ̊,αg̊α '
−DMρ̊,αåα with the mobility constant DM as following the gradient-form diffusion
law, which vanishes for heating and swelling cases. The boundary and initial condi-
tions are needed to end this weak-form formulation. Let us denote the complementary
boundary lines of the shell as ∂Ω̊r and ∂Ω̊T in the sense of ∂Ω̊ = ∂Ω̊x ∪ ∂Ω̊T and
∂Ω̊x ∩ ∂Ω̊T = ∅. Then, a pair of boundary conditions are considered for the time








, T̊µ = T̊µ
∣∣
bc
on ∂Ω̊T × [0, tend]. (2.44b)
Since the boundary mass flux in (2.42e) corresponds only to biological growth cases,
the boundary condition for this mass flux is prescribed in the non-mechanical field
for growth problems. In addition, the body force b̊ is also needed to be prescribed
in the interior of the shell body. For the initial condition, the initial velocity vector
ṙ0 of material points on the mid-surface, except the motion boundary region ∂Ω̊r, is
needed to be prescribed for the weak-form formulation. For all numerical problem
cases considered in thesis, the initial velocity vector is set to zero.
2.6.2 Isogeometric Analysis-based Discretization
Building on the Bezier extraction operator Ce [Borden et al., 2011], the reference
element structure of the conventional finite element method is recovered for the non-
uniform rational B-spline (NURBS) basis function NA(η
1, η2) with the element pa-
rameters η1 and η2 and A = 1, 2, ..., ncp where ncp is the number of control points
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where N̂A is the B-spline basis function, composing the B-spline shape function
as N̂ = {N̂A}ncpA=1 calculated using the Bernstein polynomials B as N̂ (η1, η2) =
Ceη1B(η
1) ⊗ Ceη2B(η2). Then, for the mechanical field, the geometry of surface is
approximated via the interpolation from the position of control points, e.g. re for the
current surface, which serve as the nodes of the conventional finite element method,
as
r = Nre (2.46)
using the NURBS shape function for the mechanical field, N = [N11, N21, ..., Nncp1]
based on (2.45) with the 3× 3 identity matrix 1. In addition, this gives
aα = N,αre, aαβ = N,αβre (2.47)
in which N,α = [N1,α1, N2,α1, ..., Nncp,α1] and N,αβ = [N1,αβ1, N2,αβ1, ..., Nncp,αβ1]
with NA,α = ∂NA/∂η
α and NA,αβ = ∂
2NA/(∂η
α∂ηβ). All of these interpolation equa-
tions can be applied to the initial position vector using r̊e as well as the admissible
variation of position vector using δre. Then, the interpolation in terms of the admis-
sible variation of position vector is obtained as
δr = Nδre (2.48a)











δn = −(aαnT )N,αδre. (2.48e)
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where N;αβ = N,αβ − ΓγαβNγ. In addition, the non-mechanical quantity is approxi-
mated via the same interpolation with the values of non-mechanical variable at the
control points, e.g. φ̊e for the current state, as
φ̊ = Nφφ̊e, φ̊,α = Nφ,αφ̊e (2.49)
using the NURBS shape function for the non-mechanical field, Nφ = [N1, N2, ..., Nncp ]
and Nφ,α = [N1,α, N2,α, ..., Nncp,α]. All of these interpolation equations can be applied
to the initial non-mechanical quantity using φ0e as well as the admissible variation
of the non-mechanical variable using δφe. Then, the admissible variation of the non-
mechanical variable δφ can be interpolated as
δφ = Nφδφe, δφ,α = Nφ,αδφe. (2.50)
Then, for the element e = 1, 2, ..., nel with the number of elements nel, substituting











m − f ext(e)m
)
= 0 (2.51)


















































−NT,αn(T̊ Tµ aα) d̊s+
∫
e
NT b̊ d̊a. (2.55)
Moreover, the FE vectors for the non-mechanical part are obtained by inserting







f int(e)n + f
d(e)
n − f ext(e)n
)
= 0 (2.56)












NTφ,αhlD ϕ,βåαβ d̊a, (2.58)










NTφ S̊ d̊a. (2.59)
The corresponding tangent stiffness matrix can be derived through the lineariza-
tion of the FE forces for the mechanical field and the FE vectors for the non-



























































































































which represents the coupling effect between the mechanical and non-mechanical field.











where the tangent stiffness matrix of the internal diffusion term is depending on the























These discretized two-field differential equations are numerically implemented by
means of the dynamic Newmark-beta method so that the instability phenomena such
as snapping and buckling can be simulated as the singular characteristic for the
tangent stiffness matrix of the mechanical part is alleviated through the dynamic
method.
2.6.3 Validation
To verify the developed two-field shell formulation with the IGA finite element
method, benchmark problems are solved and compared to reference solutions.
Firstly, a bi-layer beam problem under uniform heating is dealt with. Timoshenko
analytically solved the bimetallic thermostat problem for the deflection under uniform
heating [Timoshenko, 1925]. This solution was obtained through the equilibrium of
forces acting over the cross-section of the bimetallic thermostat. For the case where
the two layers have the same thickness and elastic modulus, the exact solution of beam
curvature was simply proposed as κ1 = 3(αth2 − αth1)∆T/(2h) where h is the beam
thickness, and αth1 and αth2 are the thermal expansion coefficient of the top and bot-
tom layer, respectively, and ∆T is the temperature change [Timoshenko, 1925]. Note
that as the thermal expansion coefficient is a length expansion ratio when the temper-
ature increases by 1K, a relation between the thermal expansion coefficient and the
expansion factor for the isotropic area expansion induced by heating is αt∆T = e−1.
In our simulation, a bi-layer beam of L(5cm)×W (0.5cm)×h(1mm) is modeled as the
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two layers have the same thickness with αth1 = 3 × 10−4 and αth2 = 0 while impos-
ing a heat source homogeneously on the bi-layer beam. For the stress constitution,
the incompressible neo-Hookean energy model is used with a soft elastic material of




(Im1 − 3) (2.68)
where Im1 is the first invariant of the mechanical (elastic) right Cauchy-Green tensor
Cm. As a result, Fig. 2·3 shows that the developed two-field shell formulation can
successfully express the bi-layer beam behavior under the heating stimulus.











Figure 2·3: Bi-layer beam under uniform heating. Our numerical
simulation results are denoted with symbols while the analytical solu-
tion proposed by Timoshenko in [Timoshenko, 1925] is denoted with
the black solid line.
Secondly, a swelling diffusion problem is dealt with where fluid chemicals on the
top of a beam are diffusing through the thickness direction. Lucantonio et al. numeri-
cally studied this problem via the 3D solid continuum model [Lucantonio et al., 2013],
indicating that the diffusion makes the beam bend until a maximum beam curvature
is reached, and the beam gradually recovers the flat state as the fluid is uniformly
distributed. As we model this diffusion phenomenon by following the problem setting
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in [Lucantonio et al., 2013], a ten-layer beam of L(2cm)×W (0.5cm)×h(1mm) is used
for the initial geometry in which all layers have the same thickness and material prop-
erties. A fluid influx is imposed only on the uppermost layer homogeneously by using
the external flux to the surface normal F̊n during a time interval ∆t = 40s, and after
the time interval, the fluid influx is removed so that the fluxed fluid is diffused within
the beam through the thickness direction until the fluid is uniformly distributed in
the beam. The flux constant is set to F̊n = (Vs/vφ)(LW∆t) where Vs = 1µL is the
volume of fluxed fluid on the uppermost layer, and vφ = 18 × 10−6m3/mol. The
mobility constants for diffusion speed are set to have D = Dn = 6.749 × 10−10m2/s.
For the stress constitution, the incompressible neo-Hookean energy model of (2.68) is
used with an elastomer gel using the shear modulus µ = 400kPa. As a result, Fig. 2·4
compares the beam curvature (κ1) verse time (t) during the diffusion and indicates
that for the developed two-field shell formulation, the fluid diffusion is successfully
simulated as well as the curvature change trend of the swelling stimulus is depicted
pretty well compared to the 3D solid continuum model in [Lucantonio et al., 2013].











Figure 2·4: Fluid diffusion through the thickenss direction within
the beam. Our numerical simulation results are denoted with symbols
while compared with the reference solution in [Lucantonio et al., 2013]
denoted as the black solid line.
43
Chapter 3
Pressure Buckling of Closed Spherical
Shell with Natural Curvature
For bimetallic strips, the classical understanding of how a non–mechanical stimulus,
such as temperature, imparts curvature of the bimetallic strip was not understood me-
chanically until the bimetal was analyzed by Timoshenko [Timoshenko, 1925]. Tim-
oshenko’s result is now familiar to all mechanical engineers: under a homogeneous
temperature change, the two metals expand by different amounts, and the bimetal
bends to adopts a natural curvature with residual thermal stresses in 3D [Ozakin
and Yavari, 2010]. It is now well understood that environmental conditions, such as
changes in temperature, pH, and humidity, may induce a non–mechanical stimulus
in most engineering materials, and these effects can significantly alter the shape of a
structure. For example, elastomers and gels, crosslinked either chemically or through
entanglement, will swell in a favorable solvent, and this swelling can cause a signifi-
cant increase in their volume – sometimes surpassing several hundred percent [Hong
et al., 2008, Lucantonio et al., 2013]. The differential swelling of a bilayer gel pro-
vides an extension of Timoshenko’s analysis of a heated bimetallic strip to include
nonlinearities that emerge from the large stretching strains [Lucantonio et al., 2014].
Although the physics behind swelling and thermal expansion are quite different from
each other, the similarities in these phenomena highlight the underlying geometric
connection of non–mechanical stimuli to local volume changes within a material.
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The effect that residual stress has on thin elastic structures also has a long and
rich history. Homogeneous heating of a bimetal plate will endow the plate with a
homogeneous natural curvature, causing it to bend into the segment of a spherical
cap, and thus adopting a positive Gaussian curvature. This change in Gauss curvature
comes at the cost of stretching the plate’s middle surface. Eventually, the energetic
cost for the plate to bend into a cylinder becomes lower than the cost to continue
bending into a spherical cap, and so the spherically-deforming plate will buckle into
a cylindrical shape [Mansfield, 1962, Mansfield, 1965, Masters and Salamon, 1993,
Salamon and Masters, 1995, Freund, 2000, Seffen and McMahon, 2007]. Recently,
researchers have targeted this bilayer buckling instability as a means for creating
morphable, shape–shifting structures [Seffen and Guest, 2011,Chen et al., 2012,Seffen
and Maurini, 2013,Pezzulla et al., 2016, Jiang et al., 2018,Shao et al., 2018,Holmes,
2019].
Figure 3·1: Schematic of the natural stretch and curvature according
to the change in rest length and curvature due to the thickness-direction
differential expansion induced by non-mechanical stimuli.
In looking beyond engineered materials, it quickly becomes apparent that nature
uses non-mechanical stimuli to locally and globally change the curvature of thin and
soft materials in a variety of ways — a process that generates natural or spontaneous
curvature. This natural curvature acts to alter the curvature of an object, and in
its most general form it may be a tensor that varies spatially along the body. If
the natural (spontaneous) curvature is homogeneous on a segment of the thin body,
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it can be represented using as a scalar value, denoted in this thesis as κ, for the
segment. For a simple example shown in Fig. 3·1, when a bi-layer beam undergoes an
exapnsion profile which is homogeneous to the in-plane direction but differential to the
thickenss direction, it will bend to have a curvature corresponding to the scalar value
κ of natural curvature. In this chapter, we will focus on the homogeneous natural,
or spontaneous, curvature that acts to uniformly change the curvature of a spherical
shell from 1/R to 1/R+κ. For example, lipids induce a global spontaneous curvature
in the formation of vesicles [Helfrich, 1973,Helfrich, 1974,Miao et al., 1994,Capovilla
et al., 2003,Steigmann et al., 2003], coupling with the cytoskeleton of red blood cells
to influence their shape and proteins to locally cause curvature changes in the cellular
membrane [HW et al., 2002,Zimmerberg and Kozlov, 2006]. This raises the question
of how an evolving natural curvature effects the stability of thin shells. Indeed, the
coupling of membrane stresses with curvature or twisting stresses was recently found
to alter the fracture properties of thin rods, such as in the fracture cascades of dry
spaghetti [Heisser et al., 2018], calling further attention to the question of how these
stresses may affect the instabilities of shells.
The stability of thin shells under mechanical loads such as pressure was an in-
credibly active area of research, in part because of an apparent disconnect between
theoretical predictions and experimental evidence that arose from the extreme im-
perfection sensitivity of thin shells [Hutchinson, 1967, Elishakoff, 2014, Thompson
and Sieber, 2016,Lee et al., 2016,Hutchinson and Thompson, 2017,Thompson et al.,
2017, Marthelot et al., 2017, Virot et al., 2017]. Zoelly provided a classical result for











where E and ν are the Young’s modulus and the Poisson’s ratio of the initial body,
respectively. Pezzulla et al. first drew an analogy between pressure and natural
curvature when considering the affects of natural curvature on open and closed elastic
shells [Pezzulla et al., 2018]. This analogy enables one to consider this non-mechanical
stimulus in a mechanical way by means of a curvature potential, which captures the
deformation of shells under an evolving natural curvature. This indicates that the
evolving natural curvature in the absence of pressure affects both the membrane and
bending stress states, the latter of which is typically neglected when considering a
spherical shell under a uniform external pressure [Koiter, 1969].
Therefore, in this chapter, a pressure buckling of closed spherical shells in which
the homogeneous natural curvature κ exists is dealt with as the IGA simulation
is performed with a thickness-direction differential swelling of a bi-layer spherical
shell under pressure. From theoretical analysis of this problem via a linear stability
analysis, it is studied that as the homogeneous natural curvature κ acts like pressure
on the closed spherical shell, the natural curvature impedes or accelerates the pressure
buckling depending on its sign, indicating that it may become an intriguing design
parameter in the processing and characterization of thin elastic shells.
3.1 Natural Curvature κ and Stretch Λ on Bi-layer Shell
When a surface undergoes a differential expansion in the body due to the non-
mechanical stimuli, it induces a change in the rest length, i.e. natural stretch, and
curvature, i.e. natural curvature, of the surface’s mid-surface. If the change in the
rest length and curvature is homogeneous over some segment of the surface, the nat-
ural stretch and curvature can be represented by scalar values of Λ (stretch) and κ
(curvature) whose specific values are depending on the expansion profile in the seg-
ment induced by the non-mechanical stimuli. In this section, we will derive analytical
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equations to calculate the scalar natural stretch Λ and curvature κ for bi-layer shells
with the thickness-direction differential, isotropic area expansion on each layer. As
discussed above, the isotropic area expansion of a surface layer locally has the stress-
free configuration represented by the 3D metric tensor g̃αβ = e
2g̊αβ = e
2(̊aαβ−2ξ3̊bαβ)
for its in-plane components with the expansion factor e.
In this section, we utilize the Saint-Venant energy model with the plane-stress










with the elasticity tensor Aαβγδ = λpsg̃
αβ g̃γδ +µ(g̃αγ g̃βδ + g̃αδg̃βγ) in which λps =
Eν
1−ν2
and µ = E
2(1+ν)
are Lamé constants using Young’s modulus E and Poisson’s ratio ν
of the initial body.
Here, the subscript ps of λps denotes that this Lamé constant is modified one based
on the plane-stress condition from which the thickness-direction strain is given for the





g̃αβεαβ that results in the modification of
the Lamé constant, where the original one is λ = Eν
(1+ν)(1−2ν) .
Then, when an infinitesimal bi-layer shell element with thickness h is expanding
the area on each layer with their expansion ratio e1 and e2 for the upper and lower








































where the subscript numbers 1 and 2 denote the upper and lower layer, respectively,
such as the initial layer thickness h1 (upper) and h2 (lower). Based on the definition
of the natural stretch and curvature associated with the change in rest length and
curvature, the shell becomes a stress-free state at aαβ = Λ
2åαβ and bαβ = Λ
2̊bαβ +
Λ2κ̊aαβ for the scalar natural stretch Λ and curvature κ. Then, the scalar natural
quantities Λ and κ of the bi-layer shell can be derived for thin spherical shells, i.e.
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where m = h1/h2 is the thickness ratio, and n = µ1/µ2(= E1/E2) is the moduli
ratio of the bi-layer shell. Note that the natural stretch Λ is always greater than zero
whereas the natural curvature κ can have both positive and negative sign. A few
equations for the scalar natural quantities have been proposed, for example, [Pezzulla
et al., 2017] via the linear geometrical projection and [Lucantonio et al., 2014] via 1D
beam theory. However, both [Pezzulla et al., 2017] and [Lucantonio et al., 2014] did
not consider the multidimensional features of shells as well as the mass change effect
from biological growth.
In the case of the density-preserving biological growth with the isotropic area
expansion, the density ratio ρr corresponds to ρr1 = e1
2 and ρr2 = e2
2 for each layer
as aforementioned above, whereas ρr1 = ρr2 = 1 means to ignore the mass change,
such as heating and swelling.
Note that since these calculations have been locally done on the infinitesimal shell
element, this derivation process shall be carried out without consideration for the
surface compatibility constraints like the Gauss-Codazzi-Mainardi equations.
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3.2 Results
Based on the numerical implementation of the derived two-field equation using the
Isogeometric analysis (IGA)-based discretization in Chap. 2, numerical simulations
are carried out for closed bi-layer spherical shells under uniform pressure and natural
curvature, with 5cm of radius R and 2mm of thickness h. In this numerical simulation,
the same energy model as the above, i.e. the Saint-Venant model of (3.2), is used
for the stress constitution. For material of the spherical shell, we use silicone-based
vinylpolysiloxane (VPS) for both layers, with E = 1.3MPa and ν = 0.5 to impose the
material incompressibility. In addition, we model the non-mechanical stimulus as a
differential swelling case by imposing different, homogeneous chemical fluid source on
each layer of the bi-layer spherical shell — imposing a homogeneous chemical source
only on the upper layer for the negative κ, i.e. e1 > 1 and e2 = 1; and imposing a
homegeneous chemical source only on the lower layer for the positive κ, i.e. e1 = 1
and e2 > 1. For the pressure buckling analysis under the nature curvature, the
numerical implementation are performed as running two successive simulations —
First, we run a simulation by imposing the thickness-direction differential swelling
on a bi-layer spherical shell in the absence of pressure to make it possess a certain
amount of natural curvature, and after that, we impose an inward pressure p on the
spherical shell via b̊ = −pn̊ and increase the value of p for multiple steps until the
spherical shell is buckled. Here, it is assumed that there is no chemical diffusion
in the shell. As a result, our numerical simulations show that the natural curvature
significantly affect the critical buckling pressure of (3.1) as strengthening or weakening
the spherical shell depending on the sign of natural curvature, as shown in Fig. 3·2a.
This result is instructive for three reasons. First, we immediately see that a positive
natural curvature (e.g. a bi-layer shell with the expanding lower layer) acts in concert
with the positive externally applied pressure to destabilize the shell. Second, as noted
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in [Pezzulla et al., 2018], the curvature strains needed to buckle a complete spherical
shell are not small. Indeed, curvature strains for Volvox eversion are often cited to
be between 1.5 < κh < 3 [Höhn and Hallmann, 2011, Höhn et al., 2015], and while
these shells are often analyzed using a Helfrich model, it is reasonable to expect
that finite-strain constitutive models may be needed to fully quantify the curvature-
induced buckling and its analogous limit-point instabilities with full spherical shells.
Third, rather intriguingly, this result suggests that when a negative natural curvature
stimulus is applied, it should strengthen the shell against pressure buckling.











Figure 3·2: (a) Pressure buckling of the closed spherical shell with
natural curvature. The natural curvature in x-axis is normalized by
the critical buckling curvature given by (3.52), and the critical buck-
ling pressure in y-axis is normalized by the classical critical buckling
pressure given by (3.1). The theoretical curve from (3.50) is denoted by
the black line while the numerical simulation results are denoted by the
symbols. (b) Schematic of the pressure-like effect of natural curvature
depending on its sign.
For theoretical analysis of this problem, we shall perform a linear stability analysis
as closely following the mathematical treatment by Koiter [Koiter and Van Der Hei-
jden, 2009]. Based on the fact that non-mechanical stimuli induce a change in the
rest state of the mid-surface of shells, we first adopt a monolayer shell to equivalently
represent the general multi-layer shell by assuming that the stress-free configuration
of the shell is described via the updated rest mid-surface depending on the stimulus
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profile, with the rest fundamental forms āαβ and b̄αβ such that the equivalent mono-
layer shell is stress-free at aαβ = āαβ and bαβ = b̄αβ. Using the concept of equivalent
monolayer shell model, the projected free energy density for the mechanical part can























where Ēαβ = (1/2)(aαβ − āαβ) and K̄αβ = bαβ − b̄αβ are respectively the equivalent
membrane and bending strains on the mid-surface, and λeq and µeq are the equivalent


























As the bi-layer spherical shell of this problem is composed of the same material
for all layers, it is reasonable to assume that for swelling with no mass addition, the
Lamé constants of both the equivalent monolayer shell and the bi-layer spherical shell
are the same, i.e. λeq → λps = Eν1−v2 and µeq → µ = E2(1+ν) .
Aforementioned that the shell is stress-free with the updated rest length and
curvature, it is clear that the rest mid-surface has its fundamental forms as ā = Λ2åαβ
and b̄αβ = Λ
2̊bαβ+Λ
2κ̊aαβ for the homogeneous, scalar natural stretch Λ and curvature
κ. For thin bodies undergoing differential swelling or heating through their thickness,
the stimulus-induced curvature will not stretch the shell’s middle surface [Pezzulla
et al., 2018], meaning Λ ' 1, so in this case, the equivalent projected free energy
density for the mechanical part of (3.6) can be rewritten with Ēαβ → (1/2)(aαβ− åαβ)
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[νåαβåγδ(bαβ − b̊αβ − κ̊aαβ)(bγδ − b̊γδ − κ̊aγδ)
+ (1− ν )̊aαγ åβδ(bαβ − b̊αβ − κ̊aαβ)(bγδ − b̊γδ − κ̊aγδ)]
(3.8)
where Y = Eh
(1−ν2) and B =
Eh3
12(1−ν2) are the membrane and bending rigidities, respec-





p w d̊a (3.9)
where u is the displacement vector with its normal component w. The actual potential
of uniform pressure is nonlinear because the pressure acts on the change of volume of
the shell. At leading order, the pressure potential is linear in u, and this contribution
is referred to as the dead pressure, which can be expressed as the second term on RHS
of (3.9), representing a work done by the pressure p with the normal displacement w.
As discussed in [Koiter and Van Der Heijden, 2009], considering only the dead-weight
loading terms will be sufficient to establish the stability limit. This leads to the
stability criteria as closely following Koiter’s work of [Koiter and Van Der Heijden,
2009] through the second variation as
δ2V =∫

























αγ%γβ, in which εαβ and ξαβ are respectively the linear and
second-order term in the standard membrane strain, i.e. E̊αβ = (1/2)(aαβ−åαβ), with
respect to the displacement, and %αβ and ζαβ are respectively the linear and second-
order term in the standard bending strain, i.e. K̊αβ = bαβ − b̊αβ, with respect to the
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displacement. Note that here and hereafter in this chapter, we use the initial metric
tensor to raise and lower indices. Here, the subscript (∗) in the resultant mid-surface
stresses denotes that the stresses are evaluated based on the current configuration
in a state of equilibrium. To follow the Koiter’s work, we consider the displacement
variation around u0 = 0 for (3.10) such that δ
2V [u] = δV2[u0 + δu] = δV2[δu],
thus we can write not only the displacement variation but also the strain variations
without the δ notation in (3.10).
We begin with the standard strain fields E̊αβ and K̊αβ. It is helpful to define the
mid-surface deformation tensor χαβ, the rotation in the tangent plane to the shell
ωαβ, and the rotation of the normal vector n̊ as qα in terms of the displacement
vector u = uiå
i = uαå
α + wn̊, i.e. the in-plane displacement uα and the normal
displacement u3 = w, as [Koiter and Van Der Heijden, 2009,Niordson, 2012]










qα = w,α +
◦
bγαuγ. (3.11c)













































where eµη is the 2D Levi-Civita permutation tensor. In addition, the linear parts of










%αβ = ∇̊βqα +
◦
bγβχαγ. (3.13b)
It is at this point that we apply these results to the specific case of a spherical
shell. The basic property of the spherical shell is that the first and second fundamental








The negative sign used in (3.14) is chosen such that the positive direction of the
normal vector n̊ points outward. This sign convention is consistent with the work of
Niordson [Niordson, 2012], but opposite of what was used by Koiter [Koiter, 1969].
With this definition in hand, we can rewrite





















Substituting these linearized standard strains into (3.8) as 1
2
(aαβ − åαβ) → εαβ and
(bαβ− b̊αβ)→ %αβ makes the mechanical termWm of internal potential energy for the





























νåαβåγδ(bαβ − b̊αβ)(bγδ − b̊γδ) + (1− ν )̊aαγ åβδ(bαβ − b̊αβ)(bγδ − b̊γδ)
]
(3.16b)
where ΨK2d has the standard Koiter shell energy form that depends on deformations
between the current and initial mid-surface [Koiter and Simmonds, 1973], and m̊α =
m̊·åα is the unit normal vector to the initial boundary curve. For the closed sphercial
shell that the boundary integration vanishes in (3.16a), this clearly indicates that the
homogeneous natural curvature κ works as an effective pressure on the initial spherical
shell to deform, as shown in Fig. 3·2b, consistent with [Pezzulla et al., 2018].
Having identified the potentials of the uniform pressure and natural curvature,
we can now derive the relationship between the displacement of the shell in response
to the pressure and natural curvature in the fundamental (equilibrium) state. De-
formations to the shell from uniform pressure or natural curvature that preserve the
shell’s spherical symmetry satisfy the conditions uα = 0 with w as a function of p and
κ. This makes it fairly straightforward to evaluate the relationship between normal
displacement, pressure, and natural curvature. In the fundamental state, strains are
small everywhere, and (3.15b) for εαβ and (3.15c) for %αβ are simplified significantly
























If we denote the integrand as L, we see that it is only dependent on the normal




























It is clear that in the absence of either a natural curvature (i.e. κ = 0) or a uniform
pressure (i.e. p = 0), (3.19) reduces to the classical result from Hutchinson [Hutchin-
son, 1967] or the recent result by Pezzulla et al. [Pezzulla et al., 2018], respectively.
Since both pressure and natural curvature act to change the normal displacement
of the shell, there is a direct analogy between pressure and natural curvature [Pez-
zulla et al., 2018]. The resulting analogy between pressure and natural curvature
is [Pezzulla et al., 2018]








This implies that a positive curvature stimulus κ > 0 is analogous to a positive
external pressure p > 0, and both will result in the compression of the sphere. This
foreshadows the results to come — in the limit of small displacements and small
strains, applying a positive κ and positive p simultaneously will act to destabilize the
shell, while oppositely signed stimuli may act to stabilize the shell.
Turning to the question of stability, we need to evaluate the resultant mid-surface
stress terms in (3.10). First, we will consider the uniform external pressure, which
will only contribute to the membrane stress state. The membrane stress resultants








By using the pressure-curvature analogy given by (3.20), we can write the contribution


















For (3.10), recalling that ξαβ can be determined by using (3.12a) and (3.13a) with
(3.19), we can write∫







































κ̊aαβ ' −κ̊aαβ (3.24)
since the assumptions used in deriving the governing shell equations require that















uα4uα − ∇̊αw4uα (3.26)
where |∇̊w| denotes the absolute value with the surface gradient ∇̊. We note that the
Laplace operator is defined by ∇̊α∇̊α(·) = 4(·), and the bilaplacian or biharmonic





















(3.23) and (3.27), along with the definitions in (3.15b) and (3.15c), provide a complete
description of the stability of a complete spherical shell under uniform pressure and
58
natural curvature, as defined by the second variation of the mechanical potential
energy given by (3.10).
Van der Neut was the first to recognize that it is useful to apply the Helmholtz
decomposition to the tangential displacement field of spherical shells [Van der Neut,
1932]. This analysis was used extensively by Koiter [Koiter, 1969, Koiter and Van
Der Heijden, 2009], in his subsequent analysis of the nonlinear buckling behavior of
spherical shells under pressure, as well as by Niordson in studying the vibrations of
complete spherical shells [Niordson, 1984]. This decomposition allows the representa-
tion of the tangential displacement field as the sum of a solenoidal (divergence-free)
and irrotational (curl-free) vector field, as
uα = Φ,α + eαγ∇̊γΠ, (3.28)
where Φ and Π are scalar potentials. The advantage of expressing uα in terms of Φ
and Π is that for closed spherical shells, we can obtain an equation in which Π appears
uncoupled from both Φ and w, and that ultimately Π will vanish from the second
variation of the mechanical potential energy δ2V . The equations that result from this
reduction share many similarities with those found by Koiter [Koiter, 1969, Koiter
and Van Der Heijden, 2009], so we will only highlight how the presence of a nonzero
natural curvature alters the second variation of the mechanical potential energy. The
energy-related terms with the curly brackets in (3.10) remain unchanged from Koiter’s





(4Φ)2 + 1− ν
R2
Φ4Φ + 2(1 + ν)
R










where the subscripts s and b denote the stretching- and bending-related term, respec-
tively.
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If we first consider the membrane stress-related term given by (3.23), we can
make use of the pressure-curvature analogy first presented by Pezzulla et al. [Pezzulla
et al., 2018], and given again here by (3.20). With this analogy, we can directly use
Koiter’s results for the reduction of the membrane stress [Koiter, 1969, Koiter and
Van Der Heijden, 2009] to rewrite the Koiter’s equation as a linear superposition of
contributions from both pressure and natural curvature. From Koiter [Koiter and
Van Der Heijden, 2009], the membrane stress-related term of (3.10) was written only







4Φ + w4w + 2
R2
w2 + (4Π)2 d̊a (3.30)
where we note that the difference in sign in (3.30) with the Koiter’s equation comes
from the different convention used by Koiter regarding the orientation of the normal
vector on the spherical shell. Koiter then only retained terms whose magnitudes are
of the same order as those retained in the moderate rotation shell theory. In addition,
it is demonstrated in [Koiter and Van Der Heijden, 2009] that 4Π = 0. Thus, Koiter
neglected all terms in (3.30) except w4w, by comparing them with similar ones in the
elastic energy and showing that they are smaller by at least a factor h/R. We shall
do the same here, and using (3.20), we write the second variation of the membrane
















Turning our attention to the bending stress-related term of (3.10), we have to
apply the decomposition of uα to (3.27), which is helpful to do term-by-term. Let us














where we utilized the symmetry of ∇̊β∇̊αΠ to write ∇̊αuα = 4Φ, and then applied
the generalized Stokes theorem on the term containing ∇̊α(uαw), which of course
vanishes on the closed spherical shell. Application of the generalized Stokes theorem




|∇̊w|2 d̊a = − 1
R
∫





where again the divergence term disappears by use of the generalized Stokes theorem








∇̊αΦ∇̊αβ··βΦ + εαλ∇̊λΠ∇̊αβ··βΦ + ∇̊αΦεαγ ∇̊γ·β·β Π + εαγ∇̊γΠεαλ∇̊λβ··βΠ d̊a
(3.34)
where the nabla symbol with three indices denotes three successive covariant deriva-
tives, e.g. ∇̊αβ··β = ∇̊β∇̊β∇̊α and ∇̊γ·β·β = ∇̊β∇̊β∇̊γ. As we noted earlier, the advantage
of this vector field decomposition is that all terms coupling Π and Φ and Π and w
vanish [Koiter and Van Der Heijden, 2009]. As a consequence of this relation, the
second and third terms of RHS in (3.34) are zero. For the first term, we can change
the order of covariant differentiation, taking care to account for the inequality of the
covariant derivatives, i.e. ∇̊αβ..βΦ 6= ∇̊α.β.β Φ. The difference in the covariant deriva-
tives is accounted for through the Riemann-Christoffel curvature tensor [Niordson,
2012], which is related to the Gaussian curvature, R−2 for the spherical shell, in the
fundamental state, given by













where we utilized the relation between the Levi-Civita symbol and the metric tensor,
i.e. eγαeβα = å
γβ, and used the chain rule, and then applied the generalized Stokes











Π d̊a = 0 (3.37)
which vanishes due to the identity 4Π = 0 [Koiter and Van Der Heijden, 2009].


























Now, since the term proportional to (4Φ)2 in (3.39) has a smaller prefactor than it
does in (3.30), which Koiter neglected, it can be neglected here as well. Moreover,
the term coupling Φ and 4Φ has a much smaller prefactor than the term in (3.29a),
i.e. (h/R)3  h/R, and it can be also neglected. Finally, the bending stress-related














Here, it is important to note the distinction between this result and the classical
shell theory. When a natural curvature does not stretch the mid-surface of the shell,
it allows for an additive decomposition of the rest curvature tensor, as given by
b̄αβ = b̊αβ + κ̊aαβ in this problem. However, when this natural curvature is accounted
for in the fundamental state of the shell, it contributes to both the second variation
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of the membrane and bending stresses of the shell, as seen in (3.31) and (3.40). These
terms containing κ are of the same order as those retained in Koiter’s model, as (3.30).
Additional subtleties regarding the terms retained in (3.29a) and (3.29b) are dis-
cussed in detail in [Koiter and Van Der Heijden, 2009], and these results are unaffected
by the natural curvature considered in this thesis. Finally, the second variation of
the mechanical potential energy consists of the four functionals given by equations
(3.29a), (3.29b), (3.31), and (3.40) such that we may write
δ2V [u;κ, p] = δ2Um + δ2Ub + δ2Pm + δ2Pb. (3.41)
The distinction between these equations and those found by Koiter [Koiter, 1969,
Koiter and Van Der Heijden, 2009] are evident by the presence of κ and p altering
the membrane stress-related term in the second variation, and the contribution of the
natural curvature κ to the bending stress-related term, which is typically neglected,
in the second variation.
The necessary condition for a minimum of δ2V is that its first variation with
respect to Φ and w vanishes. For example, let us consider the first term of (3.29a).
The first variation of the term
∫
(4Φ)2 d̊a is found by application of the chain rule,
followed by successive integration by parts, yielding the result as
2
∫























As the contour integration terms are evaluated on the boundary, these terms disappear
for the zero length boundary of the closed spherical shell. This analysis can be applied
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term by term in (3.29a), (3.29b), (3.31), and (3.40). Collecting terms with δΦ and
δw separately, we arrive at the following two equations that must be satisfied to be






















42Φ + 1− ν
R2
4Φ + 1 + ν
R
4w − 1 + ν
12
κh242w = 0. (3.43b)
Since the displacement vectors exist on the surface of the closed, complete spherical












where Dnh and Cnh are the harmonic coefficients, and Snh(ξ
α) is a spherical surface
harmonic of degree nh, described by the differential equation
∆Snh(ξ




Expanding the equations of neutral equilibrium in a series of spherical harmonics
leads to the following eigenvalue problem for the critical buckling pressure in terms
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Recalling the stress in a thin-walled pressure vessel, as given by (3.21), the normalized
stress in the shell is pR/2Eh = O(1) for pressure buckling of shells in the absence
of natural curvature [Koiter and Van Der Heijden, 2009], which would take the shell
outside of the elastic range. To be consistent with the small strain approximation
used in developing the shell equations, staying in the elastic range requires that
pR/2Eh  1, which will only occur is nh  1, and therefore x  1. We can







































12− κ2h2(1 + ν)2
. (3.49)
Finally, the critical buckling pressure for the spherical shell with natural curvature is







3 (1− ν2) −
κ2h2(1 + ν)2





which is in good agreement with the numerical results as shown in Fig. 3·2a. It is
immediately clear that in the absence of natural curvature, i.e. κ = 0, (3.50) reduces











With a little bit of algebra, it can also be shown that when p = 0, we recover the
critical natural curvature at the buckling of spherical shells obtained by Pezzulla et












Eye development is a complex, multi-scale morphogenetic process that couples cell
growth and division, and biological signaling at cellular scales, with large deformation
and shape changes. The eye organogenesis begins with formation of the optic vesicles
(OV), nearly spherical shells that undergo invagination — a process that locally
reverses the curvature of tissues from convex to concave [Pearl et al., 2017], to form
the optic cup (OC), a cavity that eventually houses the eye. It is well–established that
many congenital eye disorders arise from disruptions in embryonic eye development,
including anophthalmia or microphthalmia [Skalicky et al., 2013], aniridia [Lee et al.,
2008], coloboma [Zhou et al., 2008], retinal dysplasia [Fuhrmann, 2010], and retinal
detachment [Rosen and Mahabadi, 2019].
In the embryonic stage of eye development, the OV bilaterally protrudes from the
forebrain and contacts the surface ectoderm (SE). The OV and the SE epithelium
are attached to each other through the stiff extracellular matrix (ECM) secreted by
both SE and OV, which thickens to form the lens placode and retinal placode. These
placodes invaginate, such that curvature of the inner portion of the OV (iOV) changes
sign compared to its outer portion (oOV) as shown in Fig. 4·1a, to form the lens
vesicle and OC, respectively [Hendrix and Zwaan, 1974, Bryan et al., 2020]. Despite
recent efforts [Oltean et al., 2016, Hosseini and Taber, 2018], important questions
remain open as to what mechanisms govern OC morphogenesis during and after
invagination [Fuhrmann, 2010,Adler and Canto-Soler, 2007,Hyer et al., 2003,Eiraku
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et al., 2011, Nakano et al., 2012, Kwan et al., 2012, Harris and Hartenstein, 1991,
Martinez-Morales and Wittbrodt, 2009] and how growth of the iOV and oOV, and










































Figure 4·1: (a) Simplified schematic of the OC morphogenesis. (b)
thickness change ratio of iOV center wall λiOV as function of the nor-
malized time tn. (c) invagination depth D normalized by OC horizontal
radius r as function of tn. (b) and (c) show comparisons of our model
with existing experimental data [Oltean et al., 2016], using R/h = 5
and α = 40◦ with primary and secondary invagination at t1stn and t
2nd
n .
In this chapter, we advance two novel points that contribute to the physics of
OC morphogenesis. First, the morphogenetic process is driven by two elastic insta-
bilities that are analogous to snap-through instabilities in spherical shells. These
occur at different times during OC development, corresponding to invagination and
rapid deepening observed in biological experiments [Eiraku et al., 2011,Okuda et al.,
2018]. Second, we demonstrate that the second morphogenetic instability is sensi-
tive to OC geometry. Specifically, for certain geometries the OC buckles rather than
snaps during the second instability, which breaks axisymmetry, and prevents normal
OC morphogenesis. This result suggests that some congenital eye disorders, such as




The OV geometry motivates a simplification of their initial shape to a spherical shell.
The ECM and iOV form a bi-layer cap that subtends an opening angle α, while the
oOV is a monolayer covering the rest of the sphere (Fig. 4·1a). Each layer of the shell
(ECM, iOV, and oOV) is, in contrast to recent works using shells to study biological
morphogenesis [Höhn et al., 2015,Haas et al., 2018,Haas and Goldstein, 2021], allowed
to undergo large strains and rotations and change thickness, via the plane-stress
condition, during deformation while being modeled by a compressible neo-Hookean
energy model for the stress constitution to consider the nonlinear material behavior
of general soft elastic materials [Chagnon et al., 2015,Budday et al., 2017], which may




(J2m − 1− 2 log Jm) +
µ
2
(Im1 − 3− 2 log Jm) (4.1)
with the Lamé constants λ = Eν
(1+ν)(1−2ν) and µ =
E
2(1+ν)
, in which Im1 and Jm are
the first and third invariants of the mechanical (elastic) right Cauchy-Green tensor
Cm. The first term on RHS vanishes with Jm = 1 which gives the incompressible
neo-Hookean form of Ψm0 =
µ
2
(Im1 − 3) as the isochoric elastic response whereas the
second term goes to zero for Cm = J
2/3
m I as the volumetric elastic response. Note
that using a constraint (Jm − 1) = 0 in the strain energy density, the incompressible
mechanical deformation can be described. Aforementioned in Chap. 2, the actual





3)/(ht − hb) using λ3 calculated via the plane-stress condition as shown in
Fig. 4·2, where ht and hb are the top and bottom thickness coordinates of the layer,
respectively.
We model the differential growth during OC formation by imposing different
mass sources on the ECM, iOV, and oOV in the manner of density-preserving
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Figure 4·2: The thickness change-related quantity λ3 calculated
through the plane-stress condition at the completion of the optic cup
morphogenesis for initial radius-thickness ratio R/h = 5 and opening
angle α = 40◦, accounting for mass change.
growth [Oltean et al., 2016], such that the three regions have different (experimentally-
measured) growth rates based on the isotropic area expansion [Oltean et al., 2016], i.e.
eECM(tn) = 1, eiOV (tn) = 1 + 5tn, and eoOV (tn) = 1 + 1.5tn as a function of the nor-
malized time tn = t/τ , where τ = 20 hours is the experimentally measured timescale
for OC morphogenesis. In addition, it is assumed that there is no mass diffusion
owing to the cell migration within the OC. The fluid-like components surrounding
the OV are neglected [De Reuck and Knight, 2009,Hilfer et al., 1981,Hosseini et al.,
2014], based on previous studies showing that instabilities of spherical shells are not
suppressed by the surrounding fluid environment [Djellouli et al., 2017].
A critical, but often neglected, feature in morphogenetic modeling is the effect
that mass addition during biological growth has on the state of stress of the growing
body. In Chap. 2, it is found that if the added material during density-preserving
growth is the same as the existing material in the body, the 2nd Piola-Kirchhoff stress






for the isotropic area expansion induced by biological growth, in which the compress-
ible neo-Hookean strain energy model is used for the mechanical part of the free
enrgy density Ψ0 in this chapter. Thus, e
2 acts as a stress amplification factor on
the internal stress due to mass change from biological growth, in which 2∂Ψ0/∂gij
is the standard representation for the internal stress [Holzapfel, 2000]. This stress
amplification factor e2 generalizes previous works [Ben Amar and Goriely, 2005], as
discussed in the Chap. 2.
We first show that our computational model can capture existing experimental
data for OC morphogenesis in a chick embryo [Oltean et al., 2016,Hosseini and Taber,
2018], as shown in Figs. 4·1b,c. The geometric and material parameters for the chick
OV follow previous experiments [Xu et al., 2010, Oltean et al., 2016, Hosseini and
Taber, 2018], i.e. opening angle α = 40◦, initial radius (R) of 50 µm, and radius
to total thickness ratio (R/h) of 5. The bi-layer cap has ECM thickness (hECM) of
h/10 and iOV thickness (hiOV ) of 9h/10 whose thickness ratio of the bi-layer part is
m = hECM/hiOV = 1/9, and the monolayer oOV has thickness (hoOV ) of h. The shear
moduli for the ECM and the iOV and oOV are 11 kPa (µECM) and 220 Pa (µiOV and
µoOV ), respectively, whose moduli ratio of the bi-layer part is n = µECM/µiOV = 50.
Poisson’s ratio for all regions is set to ν = 0.45 based on biologically observed data
showing that eye tissue is not incompressible [Uchio et al., 1999,Sigal et al., 2005].
Figs. 4·1b,c show the simulation results of OC formation with and without ac-
counting for the effect of mass change during growth on the stress, where neglecting
the mass change corresponds to taking e2 → 1 in (4.2). By comparing to the experi-
mental results in [Oltean et al., 2016], it is clear that our model accurately captures the
evolution of thickness change ratio of iOV center wall (λiOV ) as well as invagination
depth (D) normalized by OC horizontal radius (r), which are geometric parameters
that characterize the OC size and shape. Therefore, the stress amplification from
71
mass addition significantly impacts the local and inhomogeneous growth and enables
accurate simulation of experimentally-observed OC growth. Previous works model-
ing OC formation were done by prescribing either hypothetical stiffness or growth
property gradients [Oltean et al., 2016, Hosseini and Taber, 2018]. In contrast, a
key feature of the current approach is that the OC formation is obtained only con-
sidering stress amplification effects resulting from mass change during growth. We
show in Fig. 4·3 that simply accounting for the mass change through the resulting
stress amplification described in (4.2) enables us to accurately capture experimental
measurements of both the center iOV thickness change ratio (λiOV ) and the normal-
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Figure 4·3: Comparison of the OC formation characteristics for
R/h = 5 and α = 40◦ using mass change, as in the current work, or
assumed stiffness and material property gradients [Oltean et al., 2016],
for (a) center iOV thickness change ratio (λiOV ), and (b) normalized
invagination depth (D/r).
The OV thickness is known to vary with diverse biological cues, such as protein-2
alpha [Bassett et al., 2010, Wu et al., 2003, Ishii et al., 2009], which implies that the
radius-thickness ratio R/h of initial OC shape also varies with different biological
situations. To account for these unknown thickness variations, we perform numerical
simulations at α = 40◦ with different R/h within the biologically relevant range
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(5 to 20) [Müller et al., 2007,Pandit et al., 2015,Hasegawa et al., 2016]. This initial
geometry is characterized using a single, dimensionless parameter θ̄ = α
√
R/h, which
describes the depth and slenderness of the bi-layer cap region relative to the angular
width of boundary layer [Niordson, 2012]. For all values of θ̄ examined, the shells
exhibit two distinct shape-shifting events (Fig. 4·4). At early times, the apex of the
OC inverts, resulting in formation of a cup-like shape, which we refer to as primary
invagination (Fig. 4·4, i→ ii, I → II). As tn increases, we observe a second shape-
shifting event that is sensitive to the initial geometry. For lower θ̄, i.e. thicker shells,
we observe a rapid deepening of the OC which preserves axisymmetry — we refer to
this as secondary invagination (Fig. 4·4, ii → iii). For higher θ̄, i.e. thinner shells,
we observe that the second shape-shifting event consists of a loss of axisymmetry
(Fig. 4·4, II → III). We note that for simulations that neglect mass changes,
the symmetry-breaking event (II → III) occurs for all θ̄, which means the normal
morphogenesis process resulting in an axisymmetric OC cannot be modeled without
mass addition.




















Figure 4·4: (a) Simulation results varying R/h at α = 40◦ considering
mass changes. Diamond means the first instability point while triangle
and square are the second instability. At θ̄ = 2.51 (θ̄b), the shape-
morphing mechanism changes from secondary invagination (triangle) to
buckling (square). (b) Representative OC formation process: normal
OC (top row) and abnormal OC shape due to buckling (bottom row).
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To analyze, rationalize, and predict the qualitative features underlying the differ-
ent shape-morphing pathways of OC morphogenesis, we use an equivalent monolayer
shell model which accounts for growth as a stimulus that changes the rest length, i.e.
natural stretch, and curvature, i.e. natural curvature of the shell’s mid-surface like as
Chap. 3. The presence of natural stretch and curvature imparts residual stresses in the
growing OC, and these quantities play a similar role as external loads and torques
do in classical mechanics, which can destabilize shells [Pezzulla et al., 2018]. This
suggests that OC morphogenesis may be governed by instabilities which result from
residual stress that builds up during growth. Through the equivalent monolayer shell
model, the projected free energy density for the mechanical part is evaluated based
on the updated rest mid-surface with its fundamental forms āαβ and b̄αβ depending
on the stimulus profile, as recalling (3.6) in Chap. 3 with the equivalent mid-surface



















Aforementioned, when the natural stretch and curvature are homogeneous over
some shell segment, they can be represented by scalar values of Λ (stretch) and κ
(curvature) so that the fundamental forms of the rest mid-surface can be written
as āαβ = Λ
2åαβ and b̄αβ = Λ
2̊bαβ + Λ
2κ̊aαβ. Based on that the natural curvature
for the thickness-direction differential expansion will not stretch the shell’s middle
surface [Pezzulla et al., 2018], this leads to the decomposition of the mechanical part






















in which the subscript eq is used to denote the equivalent material properties for
considering the general cases where the mechanical properties on each layer may be
different for multi-layer surfaces. For instance, for the bi-layer cap of the OC where
each layer has the same Poisson’s ratio but different modulus, the equivalent bending
rigidity Beq =
Eeqh3
12(1−ν2) is used in (4.4) where Eeq is the equivalent Young’s modulus.
Note that ΨK2d is the standard Koiter shell energy form that depends on deformations
between the current and initial mid-surface [Koiter and Simmonds, 1973]. For open
spherical shells with h/R  1, Beq ∝ h3 yields that the contribution of natural







which indicates that the natural curvature dominantly acts like a torque along the
boundary edge of the open shell as qαm̊α gives a change in the tangent angle of the
shell [Niordson, 2012].
If the Poisson’s ratio is constant in the body like the OC, the equivalent bending
rigidity Beq can be estimated by projecting the 3D free energy density onto the mid-
surface. For bi-layer shells, utilizing the thickness ratio m and the moduli ratio n with
the same notation as above, the internal potential energy for mechanical deformations













where Ψdl is the dimensionless 3D potential energy density. This potential energy







in which equating (4.6) and (4.7) yields Eeq = E2(1 + mn)/(1 + m). Thus, the
equivalent Young’s modulus Ecapeq of the bi-layer cap region in the OC can be estimated
as E2 → EiOV where EiOV is the Young’s modulus of the iOV, i.e. Ecapeq = EiOV (1 +






Specific values of the scalar Λ and κ depend on the segment’s stimulus character-
istics. Specifically for a bi-layer shell, the analytical equations for the values of Λ and
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with the thickness ratio m = h1/h2 and the moduli ratio n = µ1/µ2(= E1/E2), in
which the subscript numbers 1 and 2 respectively denote the upper and lower layer
of the bi-layer shell. For the density-preserving growth with the same material as the
existing body like the OC growth, ρr1 → e21 and ρr2 → e22 as we discussed. Based on
the differential growth rate of the OC, its geometry can be divided into two parts: the
cap region (iOV+ECM) and the oOV, and each part has it own homogeneous natural
quantities Λ and κ according to their experimentally measured growth characteristics.
Therefore, inserting specific values as e1 → eECM and e2 → eiOV in (4.8) and (4.9)
gives the natural quantities (Λcap and κcap) for the cap region with consideration for
the mass change effect. Additionally, these analytical equations can be also applied for
monolayer shells by using m→ 0 to calculate their natural stretching and curvature,
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thus inserting e2 → eoOV with m→ 0 in (4.8) and (4.9) yields that ΛoOV = eoOV and
κoOV = 0 for the monolayer oOV.
From these calculated natural quantities on the OC, one can get 1−Λcap−2  κcapR
and 1 − ΛoOV −2  κcapR due to the OC growth characteristics, i.e. eECM = 1,
eiOV = 1 + 5tn, and eoOV = 1 + 1.5tn. Therefore, based on (4.5), the mechanical
















denotes the contour integration along the intersection between the cap and
oOV. It shows that the main contribution for the OC formation is a torque along the
intersection between the cap and the oOV, associated with κcap.
(a) (b) (c)
Figure 4·5: (a) Equivalent natural curvature. (b) Geometrical char-
acteristics on the oOV bending-dominated boundary layer. (c) Char-
acteristic span of each separated cap and oOV.
In the cap region, experimental observations note that the ECM and iOV grow at
different rates. This through-thickness differential growth induces a natural curvature
that changes the apex of the OC from convex to concave. However, the inversion of
this cap is resisted by the oOV which is a monolayer growing homogeneously and
has to bend to accommodate the deforming cap. Open spherical shells experiencing
an evolving natural curvature may exhibit a snap-through instability that everts the
shell at a critical curvature [Pezzulla et al., 2018]. Here, the OC is not an open shell,
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as the deformation of the cap will be resisted by the oOV. However, since the oOV is
resisting bending, and therefore resisting rotations imparted by the growth-induced
torque along the intersection, we treated the oOV as an effective rotational spring
(Fig. 4·5a). Therefore, by way of a simple mechanical analogy, we model the full
OC as an open spherical shallow shell, whose geometry is the same as the bi-layer
cap, experiencing an equivalent edge torque shown in Fig. 4·5a. The mechanical
potential energy (4.10) of the OC has two portions for the internal potential energy
in terms of the cap region and the oOV. For the oOV deformation, it is reasonable to
postulate that the oOV deformation mainly occurs within its boundary layer which
is bending dominated [Efrati et al., 2009a]. As the width of the boundary layer is
scaled as
√
Rh [Niordson, 2012], the oOV colatitude-direction characteristic curvature
in the boundary layer can be estimated using the angle change ∆θ within the oOV
boundary layer as shown in Fig. 4·5b, i.e. b11 ∼ ∆θ/
√
Rh. Assuming the oOV
colatitude-direction bending strain is much larger than the azimuthal one within the














where BoOV is the oOV bending rigidity, and AoOVbl is the area of the oOV boundary
layer region. As ∆θ can be scaled as the change in the tangent angle at the intersection
between the cap and oOV, ∆θ ∼ qαm̊α with the rotation vector q = qαåα at the
intersection [Niordson, 2012]. Then, the mechanical potential energy of the OC can
be collected into the cap region building on that the length of the intersection is 2πRα




















denotes the contour integration along the boundary edge of the free-standing
cap region, representing a free-standing cap region with an equivalent edge torque.
That is, the whole OC is replaced by a free-standing cap with an equivalent edge
torque associated with an equivalent natural curvature κeq that can be written as
κeq = κcap − Γ ∆θ√
Rh
(4.13)
where Γ = B
oOV
2Bcapeq (1+ν)
is a dimensionless ratio of bending rigidities (Γ = 0.06 for the
OC). That is, the natural curvature in the cap due to differential growth, κcap, has
to overcome the bending rigidity of the effective rotational spring, resulting in an
equivalent natural curvature given by (4.13), and the second term on RHS of (4.13)




































Figure 4·6: The distance c from the apex to the bottom of the
deforming OC with θ̄ = 2.21 as a function of the normalized time. The
inset shows the distance rate of the two-step invagination during the
morphogenetic process of OC formation.
When a positive natural curvature is homogeneously imposed on an open spher-
ical shell, the shell deforms to turn itself inside out. This eversion occurs via rapid,
but smooth curvature change or rather sudden discontinuous displacement jump (i.e.
snapping) depending on the shell geometry. Our numerical simulations of OC mor-
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phogenesis show that except for thicker shells, the primary invagination for most of
the initial OC geometries occurs via the snap-through instability. Specifically, Fig.
4·6 shows that the apex displacement rate (dc/dt) of the OC in the insets is not
constant during the two-step (primary and secondary) invagination as the snapping
of the elastic shell proceeds with increasing speed [Höhn et al., 2015], indicating that
the phenomena we observe is snapping, and not rapid bending.
Open spherical shallow shells undergo snapping under homogeneous positive nat-
ural curvature when the boundary tangent vector in the colatitude direction becomes
approximately horizontal, which results in κeqR ∼ θ̄ at the snapping [Pezzulla et al.,
2018]. Our numerical experiments here on closed spherical shells exhibit qualitatively
similar behavior when the primary invagination occurs via snapping. That is, the
primary invagination occurs when the colatitude-direction tangent vector at the in-
tersection between the cap and oOV becomes approximately horizontal, which leads
to ∆θ ∼ α in (4.13) at the primary invagination. This results in a scaling law of the
critical natural curvature in the cap at the primary invagination as
κcap1 R = a1(1 + Γ)θ̄ + b1 (4.14)
where a1 and b1 are scaling coefficients determined by our numerical simulations,
which confirms the linear scaling with θ̄, and identifies the scaling coefficients as
a1 = 1.55 and b1 = −0.95 (black solid line in Fig. 4·7a).
The observation that the colatitude-direction tangent vector at the intersection
between the cap and oOV becomes approximately horizontal, i.e. ∆θ ≈ α, at the pri-
mary invagination is used to get the scaling law for κcapR at the snapping instability
point. In reality, the exact horizontal tangent vector is, however, only corresponding
to the case where the shells are smoothly everted. So, in order to find the limit point
θ̄s between the snapping and the smooth eversion, the minimum potential energy
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method is applied to the separated cap region that is a shallow shell. The displace-
ment components on the deformed configuration can be obtained by minimizing the
potential energy using (4.3) under the axisymmetry condition, with āαβ = Λ
cap2 åαβ
and b̄αβ = Λ
cap2 b̊αβ + Λ
cap2κcapåαβ using the natural quantity set of the cap. Calcu-
lating the change in the tangent angle ∆θ = qαm̊α with the obtained displacement
at the boundary and equating it to α gives a value of natural curvature κcaph which
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5h2 (α2(1 + ν) + 6)− 3α4R2 (1− ν2)
] (4.15)
in which ∆θ is calculated by using the stationary displacement components up to the
fifth order for the colatitude coordinate ξ1 and the leading order for α. Then, the fact
that the tangent vector is not exactly horizontal for the snapping shell implies that
the shells need an infinitely large κcaph to make the tangent vector horizontal before








which dictates the limit in initial geometry that separates smooth eversion and snap-
through instability for the primary invagination. As with the open shells, the primary
invagination via snapping will only occur if θ̄ > θ̄s(=1.88 for the OC), in good agree-
ment with prior work [Pezzulla et al., 2018] as the bending-dominated boundary layer
covers the entire shell for θ̄ < θ̄s.
Following this primary invagination, growth and development of the OC continues
until a second shape-shifting event occurs, which appears to be strongly correlated to
the OC geometry. Thicker shells undergo a secondary invagination, forming a deep
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Figure 4·7: (a) Phase diagram of instabilities during OC formation
for varying R/h at α = 40◦. The blue region denotes the invaginated
cup shape, and the lime and red regions are the normal (secondary
invagination) and abnormal (buckling) OC, respectively. (b) Phase
diagram for varying R/h and α. For (a) and (b), the symbols refer to
simulation results, with diamonds symbolizing primary invagination,
triangles for secondary invagination, and squares for buckling. The
lines represent the scaling law of (4.14), (4.17) and (4.19). The black
dotted line in (b) shows the buckling transition point θ̄b of (4.20).
cup that facilitates normal eye development, while slender shells lose axisymmetry,
forming a shape that may hinder normal OC morphogenesis. First, we consider the
onset of secondary invagination. The magnitude of the torque at the intersection
between the cap and oOV continues to increase due to the continued differential
growth of the ECM and iOV. The oOV is not rigid, and therefore the torque can
either bend the oOV or further bend the cap. Building on the concept of a geometric
composite [Pezzulla et al., 2015], we can consider the growing cap and oOV as separate
structures, and then determine how they will deform when combined together. The
cap, when removed from the OC, would form a shallow shell that spans a characteristic
distance Scap (Fig. 4·5c – yellow). The oOV, when removed from the OC, would form
a deep spherical shell of radius R′ = eoOVR, which is current radius as a result
of growth. From our numerical simulations, we note that the extent of the oOV
boundary layer, where bending deformations are concentrated, is constant until the
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secondary invagination occurs. We can estimate the characteristic span SoOVbl of the
oOV from the extent of its boundary layer (Fig. 4·5c – blue), and observe that during
secondary invagination the oOV boundary layer increases in length and curvature.
Therefore, we posit that when the span of the cap exceeds the span of the oOV
boundary layer, the OC will undergo secondary invagination to account for this excess
length.
The characteristic span of this oOV segment scales as SoOVbl ∼ R′ sin(α + θoOVbl )
where θoOVbl is angle subtended by the oOV boundary layer, which scales as θ
oOV
bl ∼√
h/R for spherical shells [Niordson, 2012]. The span of the cap scales as Scap ∼
Rα(1 + χ(1 + ν)hκcap) with χ = (1 + m(3n − 2))/(6mn) (see the below Chap. 4.2
for detailed derivation). If we suppose that the critical point occurs when the spans
are equivalent, i.e. SoOVbl = S
cap, we obtain that the critical natural curvature is
proportional to the shell geometry as κcapR ∝ R/h from which the critical natural








where a2 and b2 are obtained from simulations to be a2 = 0.86 and b2 = 0.22.
These parameters capture well the secondary invagination via the dashed color line
in Fig. 4·7a. Notably, unlike the primary invagination given by (4.14), the secondary
invagination depends on opening angle α.
While our model predicts the morphogenetic process of OC formation via the
experimentally-observed [Oltean et al., 2016,Hosseini and Taber, 2018] two-step (pri-
mary and secondary) invagination, it also indicates that very slender initial OC
geometries will undergo an elastic instability that breaks axisymmetry, leading to
abnormal OC development. This loss of the OC axisymmetry has been observed for
glaucoma in newborn infants [Richardson, 1968]. Secondary invagination occurs when
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the oOV boundary layer is flexible enough to bend to accommodate the excess length
of the growing cap. If the oOV is too stiff, the cap must bend instead. If we presume
that the loss of axisymmetry for slender optic cups is due to a buckling instability,
then the critical natural curvature can be analytically calculated via a linear stability
analysis, which for a circular plate with natural curvature κp and radius Rp gives
κph = ±ab(h/Rp)2 with ab = χ(5 + 3ν)/(1 − ν2)(=4.17 for the OC) at the buckling
instability (see the below Chap. 4.2 for detailed derivation). To connect this critical
natural curvature to open spherical shallow shells, we substitute Rp → Rα. This
gives us κeqR ∼ ab/θ̄2 + 1, which is similar to [Pezzulla et al., 2018]. To extend this
result to the OC, the angle change ∆θ along the oOV boundary layer is needed to be
investigated. When an open spherical shell with radius R and thickness h is under an
edge torque Medge, we can write its mechanical potential energy using the assump-
tion that the deformation mainly occurs within its boundary layer and is bending














where Abl is the area of the boundary layer region in the open spherical shell. Then,
the minimum potential energy dV
d∆θ
= 0 yields ∆θ ∼ Medge
√
Rh/B. If natural curva-
ture are the origin of the edge torque, Medge ∼ Bκ can be used according to (4.5). In
addition, since κ ∼ 1/h based on (4.9), ∆θ ∼
√
R/h is obtained. Then, the critical
natural curvature in the cap at the buckling instability is given by









where α2(= π − α) is a prefactor to treat the deep oOV shell, and bb and cb are
scaling coefficients which provide the best fit with our simulations through bb = 4.72
and cb = −5.50 via the solid color line in Fig. 4·7a.
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As our numerical experiments indicate that both secondary invagination and
symmetry-breaking buckling cannot occur for the same initial geometry, the inter-
section between (4.17) and (4.19) gives us the transition point from secondary invagi-
nation to buckling as
θ̄b =
√√
4α2bbab (a2 − α2bbΓ) + α4 (cb − b2 + bb) 2 + α2 (cb − b2 + bb)
2(a2 − α2bbΓ)
(4.20)
where θ̄b = 2.46 is calculated at α = 40
◦, in agreement with the numerical results
(θ̄b = 2.51).
Similar to the various R/h in biological situations, it is natural to think that
the opening angle will also vary with diverse biological cues. The simulation results
with various opening angles for a wide range from 30◦ to 50◦ are plotted on a phase
diagram in Fig. 4·7b which fully characterizes the instability-induced shape-morphing
of the OC during its morphogenesis for a variety of initial geometries, showing that
the proposed scaling laws work well for all α. Above the value of θ̄b, denoted as the













n = 50 & ν = 0.45
n = 25 & ν = 0.45
n = 50 & ν = 0.30
ref [OlteanBMM2016]: exp.
(a) (b)
Figure 4·8: (a) The OC invagination depth change with different
material properties, the moduli ratio n and the Poisson ratio ν. (b)
Normalized residual stress contour for the colatitude-direction compo-
nent as 10−10Σ11/EiOV .
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The analysis for OC morphogenesis in this chapter is carried out by focusing on the
effects of the initial OC geometry with material properties chosen following previous
experimental studies [Xu et al., 2010, Oltean et al., 2016, Hosseini and Taber, 2018],
modeling the eye tissue as a compressible elastic material [Uchio et al., 1999, Sigal
et al., 2005]. Here, we present results of numerical simulations where different material
properties are considered to examine their effects on OC morphogenesis. For θ̄ = 1.56
with α = 40◦ and accounting for mass changes, various values of the shear modulus
of the ECM are considered by varying the moduli ratio n(= µECM/µiOV ) as well as
different Poisson’s ratios ν, noting that the OVs shear modulus µiOV = µoOV = 220Pa
as stated. As shown in Fig. 4·8a, the invagination depth of the OC is affected by both
the moduli ratio and the Poisson’s ratio as the larger moduli ratio and the smaller
Poisson’s ratio result in a shallower depth. Fig. 4·8b shows the residual stresses in
the ECM, iOV, and oOV for different material properties and invagination depths.
These snapshots show that, in general, the residual stresses are larger and more
widely distributed for deeper invagination depths. This residual stress contour, in
which the growing iOV and oOV are in compression whereas the passive ECM is in
tension, follows the general trend of residual stresses induced by growth as growing
bodies involve compressive stresses for local, differential growth cases [Goriely, 2017].
Furthermore, in contrast to the cup shape formation through invagination, in good
agreement with prior work [Oltean et al., 2016] OC formation fails for n ≤ 10, as the
contribution of the ECM constraint becomes too small, resulting in evagination, as
shown in Fig. 4·9a.
Additionally, as our computational model for OC formation is performed based on
the nonlinear, compressible neo-Hookean constitutive model, we investigate the effect
of Poisson’s ratio on the critical natural curvature at the second instability points
















θ̄ = 1.85 θ̄ = 3.04
(a)
(b)
Figure 4·9: (a) Failure of the OC formation through the evagination
for n = 10 and ν = 0.45. (b) Critical natural curvature at the second
instabilities (secondary invagination and symmetry-breaking buckling),
depending on Poisson’s ratio for thick (θ̄ = 1.85) and thin (θ̄ = 3.04)
shells with α = 40◦.
relevant range of 0.4 ≤ ν ≤ 0.49 for eye tissues [Uchio et al., 1999,Sigal et al., 2005],
including incompressible limit of ν = 0.5 with a constraint Jm = 1. As a result, the
secondary invagination and the symmetry-breaking buckling occur regardless of the
Poisson’s ratio for the thick and thin shells, respectively, as shown in Fig. 4·9b. This
indicates that material compressibility is not required for the secondary invagination
and symmetry-breaking buckling to occur during OC morphogenesis. Furthermore,
the simulation results in Fig. 4·9b show that Poisson’s ratio merely shifts the critical
natural curvature for both secondary invagination and symmetry-breaking buckling
to occur. Based on these results, it is shown that the effect of initial geometries on
the critical natural curvature is much stronger parameter to the instability-induced
OC morphogenesis.
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4.2 On Circular Plate Analysis
Due to the shallowness of the cap region of the OC, analyzing the symmetry-breaking
buckling of bi-layer circular plates allows for a better understanding of the second
instability phenomenon during OC morphogenesis. In this chapter above, the charac-
teristic span and the buckling point of the bi-layer circular plate with the thickness-
direction differential growth are utilized to analyze the secondary invagination and
the symmetry-breaking buckling of the OC corresponding to (4.17) and (4.19), and
the detail of those derivations is dealt with in this section. Accordingly, the linear
stability analysis is carried out in order to get an analytical equation for the critical
natural curvature κp at the symmetry-breaking buckling of circular plates with radius
Rp and thickness h, and the displacement solution obtained by the minimum poten-
tial energy method is applied for the characteristic span Sp of the deformed plate.
Here, the Poisson’s ratio ν of the bi-layer circular plate is assumed to the same for
all layers like the OC.
By following Koiter’s work [Koiter and Van Der Heijden, 2009], a quadratic energy
functional is obtained for the stability criteria via the second variation of mechanical
potential energy, as recalling (3.10) in Chap. 3:
δ2V =
∫




























αγ%γβ, in which εαβ and %αβ are respectively the linear
terms of the standard membrane and bending strains with respect to the displacement,
and ξαβ and ζαβ are respectively the nonlinear second-order terms of the standard




are respectively the mid-surface membrane and bending stresses at the fundamental





12(1−ν2) for the case where the modulus is different on each layer like the
OC.
Building on the fact that ξ1 and ξ2 are respectively the radial and polar co-
ordinates, the displacement component on the fundamental configuration can be
obtained by minimizing the potential energy using (4.3) with āαβ = Λ
p2 åαβ and
b̄αβ = Λ
p2 b̊αβ + Λ
p2κpåαβ using the plate’s natural quantity set, i.e. {Λp, κp}, under













where u∗α and w
∗ are the solutions of the displacement components on the fundamental
configuration as u∗ = u∗αå
α + w∗n̊. Then, this gives the membrane and bending








σ∗ = 0 (4.23a)








M∗ = 0. (4.23b)
In this section, it is assumed that the components of displacement vector u in the










2) = 0 (4.24b)











where C is a constant real number, and n1, n2, and n3 are integer numbers. Then,
with the small deformation assumption, the Donnell-Mushtari-Vlasov theory gives




(∇̊αuβ + ∇̊βuα)− b̊αβw (4.25a)





ζαβ = ∇̊γuγ∇̊β∇̊αw − ∇̊γw∇̊β∇̊αuγ (4.26b)
such that the resulting balance equation obtained via the first variation of (4.21)
with the integration domain ξ1 : [0, Rp] and ξ2 : [0, π/2] leads to the critical natural








(4(ν + 1) sin (πn1) + n1 ((ν − 1)n1 (πn1 + sin (πn1))− 4π(ν + 1)))
Rp2Λp4 (1− ν2)n1n3 (πn3 + sin (πn3))
(4.27)
which is obtained by Taylor expanding κp
2
up to the first order in h.
Since the natural stretching Λp and curvature κp are both functions of the differ-
ential growth characteristics on each layer of the bi-layer shell, for the case where the
upper layer is passive (i.e. e1 = 1) like the cap region of the OC, solving (4.8) and









which yields the normalized critical natural curvature, not including Λp, with n1 = 1
and n3 = 2 to make it minimum as







where χ = (1 +m(3n− 2))/(6mn). This analytical equation was utilized to estimate
the critical natural curvature at the symmetry-breaking buckling for open spherical
shallow shells by using Rp → Rα for large radius R and small opening angle α, which
is extended to (4.19).
In addition, using (4.22a) and (4.28) gives the characteristic span of the deformed
circular plate with ξ1 = Rp as
Sp = Rp (1 + χ(1 + ν)hκp) (4.30)
This length can be generalized to the span of open spherical shallow shells by using
Rp → Rα, which implies that the characteristic span of the cap region of the OC
will scale as Scap ∼ Rα(1 + χ(1 + ν)hκcap) that is utilized to estimate the secondary
invagination point of (4.17).
Note that our analytical equation for the critical κph gives similar results with the





2(h/Rp)2, and is well-matched with the numerical simulation results for
the symmetry-breaking buckling of bi-layer circular plates with different Rp/h as










Figure 4·10: The symmetry-breaking buckling natural curvature for
circular plates with different Rp/h. The solid line is the analytical
equation of (4.29) while the dashed line is the one proposed in [Pezzulla
et al., 2016]. The circles denote numerical simulation results at m =
1/9, n = 50, and ν = 0.45 corresponding the OC properties.
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Chapter 5
A Novel Stimuli-Responsive Shell Theory
As shown in previous chapters, it is evident that non-mechanical stimuli impart resid-
ual stresses in the shell body via the change in rest mid-surface associated with the
natural stretch and curvature, and these natural quantities play a similar role as ex-
ternal loads and torques do in classical mechanics, which can deform and destabilize
the shell. The primary contribution from this chapter is the mechanical interpreta-
tion of the effect of non-mechanical stimuli, by formulating their effects as effective
external loadings, resulting in only need to solve the standard mechanical momentum
or equilibrium equation to determine how non-mechanical stimuli deforms the shell.
In addition, analytical equations are derived to calculate mid-surface fundamental
forms that describe natural stretch and curvature, with consideration for the effect
of mass addition for biological growth cases. As the variational method is applied
to this novel shell theory, the equilibrium equation and stability criteria based on a
linear stability analysis are derived. In the derived equilibrium equation, the stan-
dard equilibrium balance is solved to understand how non-mechanical stimuli work to
deform the initial body. The proposed novel shell theory is discretized by employing
the Isogeometric analysis (IGA) as a single-field (mechanical) equation for the nu-
merical implementation, and several validation and example problems are presented
to demonstrate the utility of the proposed theory.
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5.1 General Equivalent Monolayer Shell
In Chaps. 3 and 4, the equivalent monolayer shell model is used to evaluate the internal
term of mechanical potential energy by means of the change in the rest length and
curvature of the mid-surface, and to interpret how the change in the rest mid-surface
plays a role in the deformation and stability problems, i.e. pressure buckling on
spherical shells with natural curvature in Chap. 3 and the optic cup morphogenesis
in Chap. 4. In the previous problems, as the stimulus profile is homogeneous over
some segment (or the whole body), the change in rest length and curvature can be
represented by scalar values Λ (stretch) and κ (curvature) such that the fundamental
forms of the rest mid-surface are described as āαβ = Λ
2åαβ and b̄αβ = Λ
2̊bαβ+Λ
2κ̊aαβ.
However, in general the stimulus profile may not be homogeneous over the entire body,
which requires that the change in rest length and curvature appear as a second-order
tensor, so each component of the rest fundamental forms, i.e. āαβ and b̄αβ, should be
respectively evaluated according to the stimulus type and profile. In this section, we
will revise the equivalent monolayer shell model and derive general equations for the
rest fundamental forms as well as the equivalent Lamé constants, with consideration
for the mass addition in terms of biological growth.
Many thin shell structures that are actuated by non-mechanical stimuli are com-
prised of multiple thin layers, such as the layered aorta growth [Du et al., 2019], the
pH- or thermo-responsive hydrogel actuators [Ma et al., 2018,Shang et al., 2019], and
the bio-inspired nanofiber vascular graft [Liu et al., 2017]. We model such structures
through an equivalent monolayer shell model. Furthermore, we demonstrate how the
effects of non-mechanical stimuli, which can be measured experimentally or calculated
theoretically, can be accounted for through fundamental forms āαβ and b̄αβ of the mid-
surface in the rest state. To accomplish this, we adopt a conceptual stress-free (rest)
mid-surface, which we call the natural mid-surface, to represent the shell energy of
94
general multi-layer surfaces via an equivalent monolayer surface. We define, for clarity
that overbar symbols, e.g. āαβ and b̄αβ, represent stress-free values for the equiva-
lent monolayer system, whereas tilde symbols, e.g. g̃αβ, represent stress-free values
for each layer of the general multi-layer shell system under consideration as stated
in Chap. 2. The metric and curvature tensors of the natural mid-surface, i.e. āαβ
and b̄αβ, give information about rest length and curvature of the mid-surface so that
the equivalent shell energy density, adopting the Koiter energy form [Koiter, 1966],
can be found based on the deviation between the current and natural mid-surface as














where Ēαβ = (1/2)(aαβ − āαβ) and K̄αβ = bαβ − b̄αβ are the equivalent membrane
and bending strains in this equivalent monolayer shell system, respectively, and the
elasticity tensor of the natural mid-surface is
Āαβγδ = λeqā
αβāγδ + µeq(ā
αγ āβδ + āαδāβγ) (5.2)
where λeq and µeq are the equivalent Lamé constants. Consequently, the equivalent














To solve for the unknown quantities on the natural mid-surface, i.e. fundamental
forms āαβ and b̄αβ, we build on its physical meaning that the stress resultants vanish
at aαβ = āαβ and bαβ = b̄αβ. While imposing this condition gives a trivial result for
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(5.3), if used in (2.35), with the Saint-Venant energy model of (3.2), this leads to the

























































with g̃γδ is the stress-free 3D metric tensor on each layer as stated in Chap. 2, resulting
in a system of 6 equations and 6 unknowns, from which the fundamental forms of the
natural mid-surface, the 3 components of each āαβ and b̄αβ, can be obtained relying
on that fundamental forms of the mid-surface are symmetric. ht and hb are the top
and bottom thickness coordinates of the layer l, respectively.
(5.4) is an important result because it enables a direct linkage between the natural
fundamental forms and the layer’s stress-free 3D metric tensor (g̃αβ), which can be
experimentally measured or theoretically calculated under a certain circumstance of
non-mechanical stimuli. Therefore, from the prescribed stress-free 3D metric tensor
of each layer for the general multi-layer surface, the fundamental forms āαβ and b̄αβ
of the natural mid-surface, which govern the deformation of the equivalent monolayer
shell system, can be obtained using (5.4).
For the special case where the non-mechanical stimulus homogeneously acts on
some segment of the shell like the previous problems in Chap. 3 and 4, the natural
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mid-surface can be represented by scalar values of Λ (natural stretch) and κ (natural
curvature) as āαβ = Λ
2åαβ and b̄αβ = Λ
2̊bαβ + Λ
2κ̊aαβ. Then, it results in a simpler
system of equations from (5.4) and may lead to explicit forms of the natural stretch
and curvature in some cases. For example, if bi-layer shells with flat initial geometry
with thickness h undergo the isotropic area expansion differentially for the thickness
direction, which is homogeneous on each layer (i.e. g̃αβ = e
2g̊αβ with expansion factor
e), analytical equations for Λ and κ are derived under an assumption that each layer
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where the subscript 1 and 2 denote the upper and lower layer, respectively, and
m = h1/h2 is the thickness ratio, and n = E1/E2 is the modulus ratio. This analytical
derivation gives the same results as the ones proposed in Chap. 3.
As λeq and µeq effectively represent the material properties of a general multi-layer
surface, one can easily derive those values via its definition, for the Saint-Venant


























αβ g̃γδ + µeq(g̃





with the elasticity tensor Aαβγδ = λpsg̃
αβ g̃γδ + µ(g̃αγ g̃βδ + g̃αδg̃βγ), which shows the
equivalent Lamé constants encompass the different material properties as well as the
effect of mass addition in terms of biological growth via the density ratio ρr. Then,
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g̃αγ g̃βδ(ḡαβ − g̃αβ)(ḡγδ − g̃γδ) dξ3
] (5.8b)
with O(gαβ − ḡαβ), in which ḡαβ = āαβ − 2ξ3b̄αβ as following the Kirchhoff-Love shell
kinematics, and ht and hb are the top and bottom thickness coordinates of the layer
l, respectively. Note that for a special case where the actual surface is composed
of single layer, i.e. ḡαβ = g̃αβ, the equivalent Lamé constants are λeq = ρrλps and
µeq = ρrµ.
5.2 A Novel Shell Theory
The previous derivations demonstrate how a multi-layer shell system can be expressed
equivalently as an equivalent monolayer system with natural fundamental forms āαβ
and b̄αβ which prescribe how the monolayer shell will deform in response to non-
mechanical stimuli. In this section, we will derive the effective strain energy density
while accounting for the fundamental forms, and will demonstrate how the effects
of non-mechanical stimuli can be captured using standard body forces, tractions,
and torques that act along the area or perimeter of the shell as treating the initial
configuration as a steady stress-free configuration. The resultant weak form then can
be solved numerically as a standard mechanical boundary value problem, in which
the standard equilibrium balance is solved between the standard internal stresses due
to deformations from the initial body and external forces, while still accounting for
the effects of the non-mechanical stimuli.
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(āαγ − åαγ)aγβ (5.9c)
where (5.9b) is the standard mechanical term, and (5.9c) is the stimulus-induced
term. The equivalent bending strain in (5.1) is also re-expressed as
āαγK̄γβ = ā
αγ(bγβ − b̄γβ) = K̊αβ + Zαβ (5.10a)
K̊αβ = å
αγ(bγβ − b̊γβ) (5.10b)
Zαβ = (ā
αγ − åαγ)bγβ − (āαγ b̄γβ − åαγ̊bγβ). (5.10c)
with its standard mechanical term of (5.10b) and stimulus-induced term of (5.10c).
Then, inserting these re-expressed strains into (5.1) yields a new form of the shell
energy density which is fully decomposed into an internal strain energy term Ψint2d ,
which depends on the deformation with respect to the initial configuration, and ef-
fective external terms Pext in terms of the effect of non-mechanical stimuli, given as
Ψ2dm = Ψ
int


















































in which we note that Ψint2d has the same form as the standard Koiter shell energy
model depending on deformations between the current and initial mid-surface [Koiter
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and Simmonds, 1973], with its elasticity tensor Åαβγδ = λeqå
αβåγδ + µeq (̊a
αγ åβδ +
åαδåβγ), while the superscripts s and b on Pext denote the stretching- and bending-
related term, respectively. Then, we can fully expand the effective external terms via



















with natural stretch Λαβ =
1
2
(āαβ − åαβ) and natural curvature καβ = b̄αβ − b̊αβ
as tensorial forms for general local, non-homogeneous stimuli, which measure the
amount of changes in the rest length and curvature of the mid-surface under the non-
mechanical stimuli, respectively. We note that as these natural stretch and curvature
have general tensorial forms, anisotropic characteristics of non-mechanical stimuli
can be represented in this novel theory, such as orthotropic area expansion of soft
tissues containing microfibrils induced by swelling. Here, the first terms on the RHS
of (5.12a) and (5.12b) will not affect the variation of shell energy because they are
independent of displacement. Furthermore, in the third terms on RHS of (5.12a) and
(5.12b), the deviation of elasticity tensors introduces a change in the energy of O(ε),
which corresponds to the difference in the metric tensors in the natural state āαβ and
the undeformed, initial state åαβ, i.e. åαβ− āαβ = O(ε) where ε is the largest principal
extension in the stress-free state from the initial body. In this thesis, we will thus
neglect the first terms and the third terms associated with the deviation that comes
from Åαβγδ − Āαβγδ, as a similar deviation between the fundamental (equilibrium)
and initial configuration is ignored in standard continuum mechanics [Koiter and
Van Der Heijden, 2009], allowing us to finally write the effective external terms of the
shell energy density as







In this final form of the effective external terms for the effect of non-mechanical stim-
uli, the variable is the displacement in the current metric and curvature tensor (aαβ
and bαβ) while the natural fundamental forms (āαβ and b̄αβ) are the free input parame-
ters which can be calculated through (5.4) using experimental and/or theoretical data
on how each layer of general multi-layer surface responds to the non-mechanical stim-
uli. Therefore, we have established a relationship between the effect of non-mechanical
stimuli, such as its intensity and direction that are characterized from experimental
measurements or theoretical calculation, and displacement, which is similar to the
standard work-conjugate relationship between displacement and mechanical loads.
5.2.1 Variational Approach
Having established the novel stimuli-responsive shell energy density of (5.11a) with the
internal term (5.11b) and the effective external terms (5.13), we now carefully derive
the first and second variations of mechanical potential energy, which are essential
for understanding how the non-mechanical stimuli work on the body and enabling
a numerical (i.e. finite element-based) solution to boundary value problems (first
variation), and for enabling examinations into the stability of the shells subject to
the non-mechanical stimuli (second variation). To do so, we will closely follow the
mathematical treatment by Koiter [Koiter and Van Der Heijden, 2009], Hunt and
Thompson [Thompson and Hunt, 1973,Thompson and Hunt, 1984] by starting with
(5.11b) and (5.13) to obtain integral formulations in terms of the equilibrium equation
and the stability criteria. For this novel stimuli-responsive shell theory, the functional




α)] d̊a− P [u(ξα)] (5.14)
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in which the total potential energy is the internal strain energy using (5.11b) minus
the external potential using (5.13) in P [u(ξα)] =
∫
P sext + P
b
ext d̊a, where u(ξ
α) is the
displacement vector between the current and initial configurations. We will investi-
gate a shell which is in a state of equilibrium by extending each term in this energy
functional via Taylor series about metric and curvature tensors at the fundamental










































where δaαβ = aαβ − a∗αβ and δbαβ = bαβ − b∗αβ are the variation in the metric and
curvature tensor, respectively, with the super- and sub-script (∗) denoting a quantity
related to the fundamental state here and hereafter in this chapter. The second and
































where the symmetric mid-surface membrane τ̊αβσ and bending τ̊
αβ
M stresses, in which




























Next, we can also expand the integrand of the external potential as









































































where δu(ξα) is the variation in displacement vector (i.e. a change between the
current and fundamental configuration) such that δaαβ and δbαβ are functions of δu.













αβ whose superscripts denote the first-order (linear), second-order, and
higher-order term with respect to the displacement δu, respectively.
Since the fundamental state for our investigation is an equilibrium state, the first
variation of the energy functional must be stationary for all admissible displacement



















αβ d̊a = 0 (5.20)






Åαβγδκγδ. This integral formulation is corre-
sponding to the equation of linear momentum balance.
Now, we will further manipulate (5.20) to explicitly determine how the non-
mechanical stimuli act to deform the shell. If we denote the displacement field
δu = δuiå
i = δuαå
α + δwn̊, i.e. the in-plane displacement δuα and the normal






(∇̊αδu+ ∇̊βδuα)− b̊αβδw (5.21a)
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Figure 5·1: Transformation of the effect of non-mechanical stimulus
into effective external loads according to the mechanical work conju-
gates. Blue arrows denote that those are body force-type effective loads
while red arrows mean boundary forces and torque.
δblinαβ = ∇̊α∇̊βδw + b̊αγ∇̊βδuγ + b̊βγ∇̊αδuγ + δuγ∇̊β̊bγα − b̊βγ̊bγαδw (5.21b)
where ∇̊α is the covariant derivative with respect to the initial configuration. Here
and hereafter in this chapter, we use the initial metric tensor to raise and lower
indices. Then, inserting (5.21) only into the external potential term, i.e. the second




















−fαβΛ b̊αβ + ∇̊β∇̊αfαβκ − fαβκ b̊βγ̊bγα
]
︸ ︷︷ ︸































where m̊α = m̊ · åα is the unit normal vector to the initial boundary curve. Here,
the rotation vector δqα = ∇̊αδw + b̊γαδuγ is used such that δn = −δqαåα [Niordson,
2012].
Equation (5.22) clearly shows how the non-mechanical stimuli, which change the
rest length and curvature of the mid-surface via āαβ and b̄αβ, act to deform the shell.
Specifically, non-mechanical stimuli does not impact the internal potential energy
(the first integral term of the RHS in (5.22)). Instead, the non-mechanical stimuli
act as effective external loads to deform the initial, undeformed body as the external
terms are functions of the shell displacements and their derivatives (the second and
third integral terms of RHS in (5.22)). Then, based on the well-known mechanical
work conjugates, we can see that the effect of non-mechanical stimuli plays a similar
role as mechanical, external loadings do in classical mechanics as shown in Fig. 5·1
— for body forces, in-plane body force Bin = Bαinåα (conjugated with δuα) and out-
of-plane body force Bout = Boutn̊ (conjugated with δw), i.e. pressure; for boundary
loads, in-plane traction T in = T αinåα (conjugated with δuα), out-of-plane traction
T out = Toutn̊ (conjugated with δw), and torque t = tαåα (conjugated with δqα).
Furthermore, the weak form of (5.22) can be utilized as the starting point to use
well-established numerical techniques, such as the finite element method, to solve
mechanical boundary value problems where all external loads, either due to mechan-
ical loads or non-mechanical stimuli, are applied as standard mechanical, external
loadings. We do note that the finite element approaches for the shell analysis must
satisfy at least C1 continuity of the shape functions due to the presence of the second
derivative in the curvature tensor. However, this offers the distinct advantage that
mechanicians and non-mechanicians alike can easily modify existing computational
tools with additional external forces to study how various types of non-mechanical
stimuli impact the mechanics and physics of thin shell structures.
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In addition, inserting (5.21) into the both two integral terms in (5.20) and using
Stokes theorem give the Euler-Lagrange equations as
∇̊α(̊ταβσ∗ − f
αβ




M∗ − fαθκ )∇̊θ̊bβα = 0 (5.23a)
(̊ταβσ∗ − f
αβ
Λ )̊bαβ − ∇̊β∇̊α(̊ταβM∗ − fαβκ ) + (̊τ
αβ
M∗
− fαβκ )̊bβγ̊bγα = 0 (5.23b)




Λ ) + 2(̊τ
αθ




m̊α = 0 (5.24a)
(̊ταβM∗ − fαβκ )m̊α = 0 (5.24b)
∇̊α(̊ταβM∗ − fαβκ )m̊β = 0. (5.24c)
These equations and boundary conditions of (5.23) and (5.24) form a boundary value
problem. Note that (5.23a), (5.24a), and (5.24b) have a free index as β = 1, 2.































































The equilibrium state is stable if the functional of mechanical potential energy is
positive definite, which can be tested via the character of second variation δ2V ≥ 0
[Koiter and Van Der Heijden, 2009,Thompson and Hunt, 1973,Thompson and Hunt,
1984]. By virtue of the variational calculus, the second variation only contain the




























































Therefore, the stability of the stimuli-responsive shells under investigation can be
determined by the character of (5.26).
5.2.2 Numerical Implementation
In this section, the discretization of the weak form (5.22) and its linearization are
discussed on the basis of the Isogeometric analysis (IGA) in order for the finite element
(FE) force and the tangent stiffness matrix, respectively.
First, we rewrite the weak form of (5.22) by using a vector form for the external
terms, which is the standard form in the FE force, and adding an inertia term to
implement it through the Newmark-Beta dynamic method in order for the ability to


















δr · T − δn · t d̊s
= 0
(5.27)
where B = Bin + Bout = Bαinåα + Boutn̊ is the total effective body force vector, and
T = T in + T out = T αinåα + Toutn̊ is the total effective traction vector, and t = tαåα
is the effective torque vector. Note that the FE simulation using the static method
can not describe the post-instability deformation since the tangent stiffness matrix is
singular at the critical point.
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Then, for the element e = 1, 2, ..., nel with the number of elements nel, substituting





T (f ein + f
e
int − f eext) = 0 (5.28)































NTT +NT,αn(tTaα) d̊s. (5.31)
The corresponding tangent stiffness matrix is derived through the linearization of





T (Keint −Keext) ∆re (5.32)


























































γT − aγδbαβnnT )N,δ,
(5.35)










In this section, the performance of the proposed novel stimuli-responsive shell the-
ory is illustrated by several benchmark problems under plane-strain conditions. As
the natural fundamental forms āαβ and b̄αβ are prescribed, shell deformations are
obtained analytically as well as numerically using the derived weak form (5.22) with
the Isogeometric analysis (IGA) which is a modern finite element method well-suited
for shell problems due to its shape function’s higher continuity [Cottrell et al., 2009],
and verified by available reference solutions.
5.3.1 Plates
When the non-mechanical stimulus profile inducing the isotropic area expansion on
a shell is homogeneous in the in-plane direction but differential in the thickness di-
rection, for example the differential swelling (in Chap. 3) and growth (in Chap. 4)
through the thickness direction, there exists a change in not only rest length (natural
stretch) but also rest curvature (natural stretch) in the mid-surface which can be
represented by scalar values of Λ and κ via āαβ = Λ
2åαβ and b̄αβ = Λ
2̊bαβ + Λ
2κ̊aαβ
as stated above. In the case where the scalar natural stretch and curvature are act-
ing on plates, it is revealed that its deformation is bending-dominant depending on
the natural curvature. The main result induced by the scalar natural quantities on
the plates with thickness h has been well studied as the plates bend into cylindrical
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shapes with mean curvature H, analytically given for incompressible plates of ν = 0.5





which indicates the natural curvature solely contributes to the mean curvature change.
Thus, we shall test our proposed novel stimuli-responsive shell theory under pure















Figure 5·2: Change in mean curvature of plate depending on natural
curvature, with the Poisson’s ratio ν=0.5. The symbols denote simu-
lation results obtained via our proposed novel stimuli-responsive shell
theory using IGA simulations based on (5.22) while the solid line is
the analytical solution for which our proposed theory gives the exactly
same solution as the previous work [Pezzulla et al., 2016,Pezzulla et al.,
2017].
By first recalling that the shell deformation is dominated by bending because
the shells are thin, we can analytically obtain the mean curvature via minimizing
the bending-related parts in the mechanical potential energy of (5.14) under an as-
sumption of the vanishing stretching-related parts, i.e. aαβ = āαβ. Then, since
the Gauss-Codazzi-Mainardi equations of the surface constraint admit homogeneous
second fundamental forms for a flat homogeneous metric, the solution can be calcu-
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lated by minimizing the bending-related parts with a constraint on the null Gaussian
curvature via a Lagrange multiplier. As aforementioned, the homogeneous natural
quantities allows us to use āαβ = Λ
2åαβ and b̄αβ = Λ
2̊bαβ+Λ
2κ̊aαβ, and inserting these































with bαβ = å
αγbγβ 6= 0, in which qm is the Lagrange multiplier to impose the con-
straint of the null Gaussian curvature. Here, we assume that the Poisson’s ratio ν
is homogeneous in the body. If we denote the integrand of this equation as L, since
all variables in the integrand are homogeneous, the solution of minimum potential
energy can be simply obtained via ∂L/∂b11 = ∂L/∂b22 = ∂L/∂b12 = ∂L/∂qm = 0 as
b11 = (1 + ν)κΛ
2, b22 = 0, b
1
2 = 0 with qm = −Beq(1− ν)
b11 = 0, b
2
2 = (1 + ν)κΛ
2, b12 = 0 with qm = −Beq(1− ν)
, (5.39)






the incompressible materials with ν = 0.5 which is consistent with the previous work
of (5.37), which is also agreed well with our simulation results as shown in Fig 5·2.
5.3.2 Cylinders
For the scalar natural stretch Λ and curvature κ induced by the in-plane homogeneous
but thickness-direction differential stimuli with the isoptoric area expansion, for ex-
ample the differential swelling in the thickness direction [Pezzulla et al., 2017, Duan
et al., 2017], cylinders unroll under the natural curvature whose sign is opposite to the
one of the cylinder, and eventually change those sign of curvature in one direction like
snap bracelets to bend along a direction orthogonal to the initial direction [Kebadze
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et al., 2004]. This bending-dominant deformation of the cylinder with radius R and
thickness h has been well studied in [Pezzulla et al., 2017] that the deformed mean











for κ > κs
ν
Λ
for κ < κs
(5.40)
in which κs = − 12ΛR is the critical natural curvature when the curvature of cylinder
changes sign. In this case, both natural stretch and curvature appear to affect the
mean curvature change during the deformation. However, it is confirmed that the
thickness-direction differential profile of stimulus barely or not stretch the shell’s
mid-surface [Pezzulla et al., 2018], so the effect of natural stretching is weak during
the cylinder deformation, i.e. Λ ' 1. Thus, we shall test our proposed novel stimuli-
responsive shell theory under combination of natural curvature and weak stretch
based on this cylinder problem.
Our numerical solutions via the proposed novel stimuli-responsive shell theory
accurately capture the evolution of dimensionless mean curvature as well as the critical
point of the sign change of curvature as shown in Fig. 5·3. In addition, as in the above
plate problem, for thin cylindrical shells, the shell’s bending-dominated deformation
in which the stress-related energies vanish, i.e. aαβ = āαβ, leads to homogeneous
second fundamental forms for the zero Gaussian curvature of the initial cylinder





















Figure 5·3: Change in mean curvature of cylinder depending on nat-
ural stretch and curvature, with the Poisson’s ratio ν=0.5. The sym-
bols denote simulation results obtained via our proposed novel stimuli-
responsive shell theory. The solid line is the reference analytical solu-
tion of (5.40) while the colored dashed line is the analytical solution
of (5.44) using the proposed novel stimuli-responsive shell theory. This
results clearly show that the effect of natural stretch on the cylinder
deformation is negligible.

















(1− ν) + b22
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− 2Λ2 + 2Λ4(2κR(1 + ν)(κR + 1) + 1) + 1










with bαβ = å
αγbγβ 6= 0. Since the integrand L of this equation only includes homo-
geneous variables like the above plate problem, the solution of minimum potential






+ (1 + ν)κ
]
, b22 = 0 with qm = −BeqR(1−ν
2)κ
1+R(1+ν)κ







+ (1 + ν)κ
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Furthermore, inserting these two solutions into (5.42) gives two energies corresponding
to a deformed shape with keeping the bending direction and a rotated deformed shape
after snapping, and by equating the two energies, the critical natural curvature is










1 for κ > κs
ν for κ < κs
. (5.44)
Here, the error of O(1 − Λ) exists between the previous work of (5.40) and the an-
alytical solutions of (5.44) obtained via our proposed novel stimuli-responsive shell
theory. This error comes from the fact that the solution obtained by our proposed
novel theory stems from the natural curvature tensor written as b̄αβ = Λ
2̊bαβ+Λ
2κ̊aαβ
while the previous work of (5.40) utilized b̄αβ = Λ̊bαβ + Λ
2κ̊aαβ for their solution. For
the isotropic area expansion induced by the non-mechanical stimuli, the correct ex-
pression is the one used in our solution. However, the natural curvature for thin
bodies undergoing differential stimulus through the thickness direction will barely or
not stretch the shell’s mid-surface [Pezzulla et al., 2018], so this error is negligible.
Therefore, the analytical solutions via our proposed novel stimuli-responsive shell
theory have good agreement with the previous work as shown in Fig. 5·3.
5.3.3 Annulus
The purpose of this verification example is to both examine the performance of the
proposed novel stimuli-responsive shell theory for a stretching-dominated problem,
as well as to demonstrate the ability to examine the onset of buckling instability
through a linear stability analysis. When a monolayer plate annulus with radius
R ∈ [Rin, Rout] and thickness h is under a non-homogeneous stimulus profile such
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along with a flat natural curvature tensor, the deformed shape of this plate annulus
is still a flat plate for the thickness above a critical value of buckling transition (hb)
while the plate annulus is buckled to be a spherical shape for the thickness below
the critical buckling transition. Numerical solutions of this problem was studied by
employing the non-Euclidean plate theory which is minimizing a potential energy








AαβγδNEP K̄αβK̄γδ dā (5.46)






αβāγδ + (āαγ āβδ + āαδāβγ)
]
is the elasticity tensor of
the non-Euclidean plate theory, and dā =
√
det āαβdξ
1dξ2 is the area element of a
conceptually stress-free plate.
We note that the integrand in the potential energy (5.46) of the non-Euclidean
plate theory has a similar form with the one of our equivalent monolayer shell model
using the natural fundamental forms āαβ and b̄αβ, which has been utilized in Chaps. 3
and 4 and is the starting point of the proposed novel stimuli-responsive shell theory
in this chapter. However, firstly, the non-Euclidean plate theory assumes that the
plate is originally single layer, and uses material properties measured for the initial
state of the originally single-layer surface. Furthermore, secondly, the potential en-
ergy of the non-Euclidean plate theory is obtained through an integration over the
conceptual stress-free configuration as can be seen in (5.46), which implies that for
total Lagrangian formulation, the resultant mid-surface stresses of this theory has a




as ταβσ = J̄ahA
αβγδ






pre-factor J̄a always exists regardless of the stimulus type, and this may wrong as
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we discussed in Chap. 2. In contrast, our equivalent monolayer shell model utilizes
the equivalent material properties that account for the effect of mass addition in
terms of biological growth on the stress constitution, such that the stiffness differ-
ence between the stimulus types with respect to the mass addition can be described.
Moreover, since the integration of potential energy in the non-Euclidean plate theory
and its elasticity tensor are building on the natural metric tensor āαβ, interpretation
of stress states and a linear stability analysis with the non-Euclidean plate theory are
challenging even if the natural metric tensor has a simple form.
Based on the non-Euclidean plate theory with the axisymmetry condition, the
value of buckling transition was numerically proposed as hb ≈ 0.3 for incompressible
materials with πE/[4(1 − ν2)] = 1 and the annulus geometry of Rin = 0.1 and
Rout = 1.1 [Efrati et al., 2009b]. Here, we shall test our novel stimuli-responsive
shell theory under pure natural stretch based on this annulus problem, for both the
performance of the proposed novel stimuli-responsive shell theory and its ability to
examine the onset of buckling instability through a linear stability analysis.
We solve this problem via our proposed novel stimuli-responsive shell theory by
inserting the prescribed natural fundamental forms of (5.45) and b̄αβ = 0 in (5.22).
Our numerical solutions give the value of buckling transition as hb = 0.28 which
is in good agreement with the previous work. In addition, comparing the energies
of (5.46) using the deformation solutions obtained via our proposed novel stimuli-
responsive shell theory, it is clear that our proposed novel stimuli-responsive shell
theory well captures the evolution of all energies depending on the deformation as
shown in Fig. 5·4.
Furthermore, the solution of membrane and bending stresses can be analytically
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Figure 5·4: Annulus disk under in-plane differential natural stretch.
VsNEP is the stretching energy part of the first term in (5.46) whereas
VbNEP is the bending energy part of the second term. The symbols
denote simulation results obtained via the proposed novel stimuli-
responsive shell theory while the solid line means the reference nu-
merical solutions in [Efrati et al., 2009b]. The dashed lines denote the
buckling transition thickness obtained by our proposed novel stimuli-
responsive shell theory.






















where ξ1 is the radial coordinate. Here, as the annulus of this problem is a monolayer
surface, we denote the Poisson’s on (5.47) without the subscript eq while keeping it on
the membrane rigidity for the sake of generality in terms of the effect of mass addition
(i.e. for stimulus types without mass addition, Yeq → Y too). We approximate the
buckled shape by assuming that the components of δu = δuαå
α + δwn̊ have forms as







where C is a constant real number, and n1 is integer number. Then, the Donnell-
Mushtari-Vlasov theory leads to the linear and second-order terms of the variations




(∇̊αδuβ + ∇̊βδuα) (5.49a)









αβ = ∇̊γδuγ∇̊β∇̊αδw − ∇̊γδw∇̊β∇̊αδuγ (5.50b)
such that the resulting balance equation obtained via the first variation of (5.26) with
the integration domain ξ1 : [0.1, 1.1] and ξ2 : [0, π/2] leads to the buckling transition
thickness with n1 = 1 as hb ≈ 0.27 which is well agreed with our numerical result and
the previous work as well.
5.4 Applications
In the above section, it is validated that our proposed novel stimuli-responsive shell
theory, in which the mechanical potential energy is decomposed into the internal shell
energy using the relationship between the current and initial configuration like as the
standard continuum mechanics and the effective external terms representing the effect
of non-mechanical stimulus on deformation, can capture fundamental cases involving
either stretching or curvature (bending) dominated deformations. In this section, we
apply the stimuli-responsive shell theory to more complex examples considering shape
changes induced by various types of stimuli, including biological growth, swelling,
and applied electric voltages. As one of our goals in this section, specific forms of
the natural fundamental forms āαβ and b̄αβ are derived using the layer’s directional
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expansion exerted by a certain amount of stimulus for the stress-free 3D metric tensor
of each layer, which is measurable in the lab or theoretically calculable, in order for
eventually determining the effective external loadings that makes the initial body
deform. This solution process is schematically abridged in the flowchart in Fig. 5·5.
Figure 5·5: Flowchart for the process to obtain effective external
loadings induced by non-mechanical stimuli and to solve deformation
problems in the proposed novel stimuli-responsive shell theory.
5.4.1 Long Leaf Growth
In the first example problem, we consider the biological growth of long leaves. We
obtain numerical and analytical predictions of the shape-morphing process through
the stimuli-responsive shell theory, and demonstrate the ability to capture large shape
changes resulting from geometric nonlinearity. Morphogenesis in plants is primarily
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driven by non-homogeneous growth of tissues. Especially for long leaves, which are
thin, the role of excessive cell growth within their marginal region is dominant in the
shape formation in leaves. Here, we focus on the helical growth that can be commonly
seen in nature, such as Dendrobium helix and Prosthechea cochleata.
Because helical growth is possibly induced by twisting during growth, we impose
a non-homogeneous growth stimulus on a monolayer thin leaf of dimensions L = 5cm
and W = 0.5cm with thicknss h = 200µm (see Fig. 5·6a) by implementing a width-
direction differential expansion on the leaf, with its material properties of E = 350kPa
and ν = 0.25 [Huang et al., 2018]. For the value of expansion induced by growth, we
follow a previous work [Huang et al., 2018] that experimentally measured the width-
direction differential expansion by dissecting the twisting croton mammy of Codiaeum
variegatum leaf into several length-direction strips, in which the length change after
the dissection was measured as a function form of (ldiss − L)/L = β(y/W )2 where
ldiss is the strip length after the dissection, and β provides the maximum growth
value. Therefore, the twisting leaf growth is modeled with the experimentally-derived
expansion factor e(y) = 1 + β(y/W )2, based on the concept of expansion factor
e = ldiss/L, via an isotropic area expansion induced by growth as
g̃αβ = e
2g̊αβ (5.51)
which is plugged into (5.4) and (5.8) to calculate the natural fundamental forms and
material properties. Here, we account for mass change from growth and its effect on
the internal stress by considering the leaf growth as density-preserving in which the
newly added mass during growth has the same material properties as the existing
material, i.e. ρr = Jn = e
2 as disccused in Sec. 2.4. Then, we numerically solve
(5.22) based on the calculated natural fundamental forms and material properties.
We note that the previous work modeled the leaf growth process as an equivalent
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thermal expansion problem, and did not consider the effect of mass addition during
growth [Huang et al., 2018].













Figure 5·6: Growing long leaf. (a) initial geometry with length L and
width 2W . (b) shape change process as the growth amount increases,
from the initial flat shape to twisted and helical shapes. (c) twist angle
per unit length. The symbols denote simulation results obtained by the
proposed novel stimuli-responsive shell theory. The blue solid line is the
analytical solution of (5.54) via our proposed novel stimuli-responsive
shell theory whereas the black solid line is the analytical solution as
αtW =
√
2β + β2 in [Huang et al., 2018] solely from geometrical con-
siderations.
For progressive leaf growth with increasing β, the shell exhibits two distinct shape-
shifting events as shown in Fig. 5·6b, showing the ability to capture significant geo-
metric nonlinearity with the propsoed novel stimuli-responsive shell theory. First, the
leaf morphs from an initially flat shape to one that becomes gradually more twisted.
As the amount of growth increases, the twisted leaf shape morphs to the helical shape
around β = 0.25, which is consistent with the previous study in [Huang et al., 2018].
During twisting, the twisting angle per unit length is analytically calculated de-
pending on the amount of growth. Under an assumption that the deformed shape
has the position vector of the twisted shape as r = (ξ1, ξ2 cosαtξ
1, ξ2 sinαtξ
1), it gives


















in which ξ1 ∈ [0, L] and ξ2 ∈ [−W,W ], and αt is the twisting angle per unit length.
Then, inserting the current and natural fundamental forms into (5.14) gives the me-
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143(5β(7β + 18) + 63)αt
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− 26β(5β(7β(9β + 44) + 495) + 1386)αt2(1 + ν)W 2




with O(h3), which leads to the minimum potential energy via ∂V/∂αt = 0 with
respect to the twisting angle per unit length as
αtW =
√
(1 + ν)β(1386 + 5β(495 + 7β(44 + 9β)))
693 + 55β(18 + 7β)
. (5.54)
This anlaytical solution agrees well with the numerical simulation results as shown in
Fig. 5·6c. Note that our analytical equation for the twisting angle αt via the proposed
novel stimuli-responsive shell theory gives similar results with the one proposed of
αtW =
√
2β + β2 in [Huang et al., 2018], in which the best fit of [Huang et al., 2018]
compared to (5.54) occurs for ν = 0 since the previous work derived the proposed
equations solely from geometric considerations while our solution is obtained via full
elasticity with material properties.
5.4.2 Swelling-induced Closure of Venus Flytrap
For our next example, we examine the ability to capture the effects of a different stimu-
lus, i.e. swelling, using the proposed novel stimuli-responsive shell theory. Specifically,
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we examine the swelling-induced closure of a flytrap, which also demonstrates that
our proposed theory can accurately capture elastic instabilities that are exploited in
nature to realize rapid motion and shape changes. Plant’s leaf blades or flower petals
are mainly composed of mesophyll cells sandwiched between two epidermis layers.
Differential expansion between the cells on the two different sides of the leaf blades in
response to non-mechanical stimuli such as light and humidity dictates the opening
and closure of plant tissues. Whereas the flower petal can open only once, many insec-
tivorous plants including the Venus flytrap can repeatedly open and close their leaves
during their lifetime. Furthermore, the leaf closure occurs rapidly via snap-through
instability induced by differential swelling. Importantly, as we detail below, we model
the snap-through process by using experimentally-measured data [Hodick and Siev-
ers, 1989] for the differential expansion (induced by swelling) occurring on opposite
sides of the flytrap leaves to determine the resulting natural stretch and curvature
that the flytrap leaves are subject to. This is in contrast to previous studies [Forterre
et al., 2005] where only the natural curvature is considered and just prescribed with-
out linkage between the natural curvature and actual response in the flytrap leaves
to the swelling.
In the cross-section cut perpendicular to the midrib of the flytrap leaves, the
presence of microfibrils running perpendicular to the midrib has been observed in
the upper epidermis. Due to the reinforcement of cell wall by the microfibrils, the
expansion of the upper side of flytrap induced by stimulus is prevented during the
flytrap leaf movement. Following this, a biological experiment was carried out to
obtain the expansion ratio on each upper and lower side of flytrap leaf during the
closure movement, for the directions parallel and perpendicular to the midrib [Hodick
and Sievers, 1989]. In this experiment, ink dots were drawn on each uppermost and
lowermost superficial surfaces of flytrap leaves, and distance change between the ink
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dots during the closure movement was measured as (dink,a− dink,b)/dink,b where dink,b
and dink,a are the distance between ink dots before and after the closure movement,
respectively, as listed in Table. 5.1 [Hodick and Sievers, 1989].
Table 5.1: Distance change between adjacent ink dots on the Dionaea
leaf surface during the closure movement. [Hodick and Sievers, 1989]
Distance change
upper epidermis perpendicular -0.01
parallel 0






























Figure 5·7: Snapping-induced closure of flytrap. (a) tri-layer surface
of the flytrap leaf. (b) barrel-like initial shape of the flytrap model with
h = 0.5mm, Lf = 3.46cm, Rf = 2cm, and θf = 60
◦. (c) simulation
results of the change in distance between two tips of the flytrap leaves
dtip normalized by its initial value dtip0. (d) average mean curvature
Havg normalized by its initial value Havg0, compared with experimental
data in [Forterre et al., 2005].
Building on the experimentally observed data, we impose the thickness-direction
differential swelling on a tri-layer surface of thickness h, consisting of the mesophyll
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and the upper and lower epidermis of thickness hep as shown in Fig. 5·7a, to mimic









on each layer with different expansion factors (e⊥ and e‖) in the perpendicular and
parallel direction to the midrib, where the expansion factor for each layer is prescribed
based on the experimentally-measured distance changes listed in Table 5.1 as
e⊥ = 1− 0.01tn, e‖ = 1 for upper epidermis
e⊥ = 1, e‖ = 1 for mesophyll
e⊥ = 1 + 0.07tn, e‖ = 1 + 0.04tn for lower epidermis
(5.55b)
in which tn = t/τs : [0, 1] is the normalization of time t with respect to the
experimentally-observed flytrap closure time τs(= 0.8s) [Forterre et al., 2005]. Here,
we assume that the uppermost and lowermost superficial surfaces are almost stress-
free so that the experimental data of Table 5.1 can represent the stress-free 3D metric
tensor g̃αβ of each upper and lower layer. Thus, these expansion factors in the perpen-
dicular and parallel direction are plugged into (5.4) and (5.8) to calculate the natural
fundamental forms and material properties and then to numerically solve (5.22). As
the type of non-mechanical stimulus is swelling, there is no effect of added mass in this
case, i.e. ρr = 1, which can also be interpreted by considering that the fluid flowing
through the body during swelling does not have mechanical stiffness. As we simplify
the initial geometry of flytrap using a barrel-like shape alike the actual flytrap leaves
as shown in Fig. 5·7b, with E = 10MPa and ν = 0.5 for all layers [Forterre et al.,
2005], our simulation results show that the swelling-induced closure of flytrap is car-
ried out as a fast leaf movement via snapping based on the experimentally-observed
layer expansion and shrinking, as shown in Fig. 5·7c and d, indicating that both
125
experimentally-measured timescale and mean curvature change are well captured via
our proposed novel stimuli-responsive shell theory.
5.4.3 Voltage-induced Buckling of Dielectric Film
Our final example demonstrates the ability of the proposed novel stimuli-responsive
shell theory to capture a different stimulus, i.e. the electric field-induced actuation
of thin structures, including predicting the onset of electromechanical instabilities
via a stability analysis. As the dielectric elastomer is composed of a film, which is
electrically insulated and can be polarized via applying electric field, between two
electrodes, a Maxwell stress is developed in the film to the surface normal direction
as the electrodes approach each other under an applied electric field [Pelrine et al.,
2000, Bozlar et al., 2012]. During this process, the film isotropically expands in the
in-plane direction due to the repulsion of like charges along each surface of the film,
which generates significant natural stretching, which motivates the application of
the proposed novel stimuli-responsive shell theory for this problem. Clamping the
film generates compressive stresses by preventing the film from expanding in-plane,
which leads to buckling of the film when the compressive stress exceeds a critical
value. This buckling of dielectric elastomer is used to pump fluids within microfluidic
systems in response to an applied electric field as the dielectric elastomer can be
actively and reversely buckled out of plane [Tavakol et al., 2014,Tavakol and Holmes,
2016]. To enhance the functionality of microfluidic systems, controlling and directing
fluid flow are essential [Whitesides, 2006,Mark et al., 2010,Whitesides, 2011]. Thus,
estimation of the critical voltage that induces the critical compressive stress is crucial
to predicting the onset of instabilities for the dielectric elastomer within microfluidic
systems.
Our analysis of this problem is thus motivated by the significant natural stretching
that occurs, and also because while the estimation of the critical voltage has been
126
widely studied using standard solid continuum models [Zhao and Suo, 2007,Tavakol
et al., 2014, Tavakol and Holmes, 2016, Seifi and Park, 2017], the estimation of the
critical buckling voltage has not, to the best of our knowledge, been derived based
on a shell theory. Furthermore, we demonstrate the ability to analyze the stability
of complex multi-physics phenomena using the natural stretch- and curvature-based
novel stimuli-responsive shell theory, in which the natural stretch for this problem
is obtained from a theoretically-calculated expansion factor based on the Maxwell
stress. Since the buckling of dielectric elastomers occurs due to the developing com-
pressive stress in the film, we focus on the positive-definite characteristic of the second
variation (5.26) of the film’s mechanical potential energy.
The expansion factor depending on the applied voltage can be theoretically calcu-
lated using the Maxwell stress in the dielectric film with thickness h while the Maxwell





where ν is the Poisson’s ratio of the film, Ve is the applied voltage, εV 0 and εV are
respectively the free space permittivity and the relative dielectric constant [Pelrine
et al., 1998,Pelrine et al., 2000]. When a free-standing dielectric film is isotropically
expanding to the in-plane direction while simultaneously reducing its thickness due to
an applied voltage, the 2nd Piola-Kirchhoff stress Σ̊ij in the film with respect to de-
formations from the initial body can be calculated by using the Saint-Venant energy
model [Holzapfel, 2000], as
Σ̊ij =
[
λ̊gij g̊kl + µ(̊gikg̊jl + g̊ilg̊jk)
] 1
2
(gkl − g̊kl) (5.56a)
where λ and µ is the Lamé constants of the dielectric film. Since the dielectric film is
homogeneously expanding without any constraint, the current 3D metric tensor can
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in which λ3 has the information about a change in thickness as stated in Chap. 2.
Relying on the definition of Maxwell stress, equating Σ33 = ΣMax with Σ
αβ = 0 for
the free-standing homogeneous expansion of the film gives the expansion factor that




νεV 0εV V 2e
Eh2(1− ν2) (5.57)
with the film’s Young’s modulus E.
The dielectric film geometry is that of a circular plate with radius R and thickness
h. Building on the polar coordinate system of radial ξ1 : [0, R] and polar ξ2 : [0, π/2]
coordinates, the solution of stress states on the fundamental (equilibrium) configu-
ration of the clamped film can be calculated via solving (5.23) with (5.24) with the
natural fundamental forms and material properties obtained by plugging
g̃αβ = e
2g̊αβ (5.58)
into (5.4) and (5.8), based on the isotropic area expansion induced by the applied
voltage. As the type of non-mechanical stimulus is the voltage, there is no mass
addition in this case, i.e. ρr = 1. Then, solving (5.23) with (5.24) under the clamped
boundary conditions, while exploiting the axisymmetry, gives the solution of the





















, τ̊αβM∗ − fαβκ = 0. (5.59)
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In this example problem, following the Timoshenko’s and Bulson’s works [Timo-
shenko and Gere, 1961,Bulson, 1970], we solve this stability problem under the fixed
boundary condition, and the effect of clamped boundary condition on the buckling is
dealt with by employing the compensating factor kbc = 14.68 which is a constant for
a clamped plate exhibiting the first mode buckling, as (̊ταβσ∗ −f
αβ
Λ )→ (̊ταβσ∗ −f
αβ
Λ )/kbc.
Similar to the anuulus benchmark problem above, we approximate the buckled shape
by assuming that the components of δu = δuαå
α + δwn̊ have forms as






where C is a constant real number, and n1 is an integer. With the Donnell-Mushtari-
Vlasov theory of (5.49) and (5.50), the resulting balance equation obtained via the
first variation of (5.26) with the integration domain ξ1 : [0, R] and ξ2 : [0, π/2] leads












This critical voltage gives Vec = 2.96kV for incompressible films with E = 1.2MPa,
R = 400µm, h = 60µm, εV = 3.21, and εV 0 = 8.85 × 10−12N/V2, which is agreed
with the previous work of Vec = 3.0kV in [Tavakol and Holmes, 2016] that solved this




Since the deformation and instabilities of soft, thin surfaces resulting from non-
mechanical stimuli, such as heating, swelling, and biological growth, play the key
role in development and morphogenesis in nature as well as the technical application
such as soft robotic actuators and adaptive metamaterials, the comprehensive shell
formulations are, in this thesis, derived to deal with deformation and stability prob-
lems under the non-mechanical stimuli with the two-field differential equations —
the linear momentum balance for mechanical field and the non-mechanical quantity
balance for the non-mechanical field. For mechanical field, the concept of the multi-
plicative decomposition of deformation gradient is employed with the Kirchhoff-Love
shell kinematics to calculate the internal stress states induced by the non-mechanical
stimuli with consideration for large deformations. The effect of mass addition in terms
of biological growth is considered for the mechanical stress constitution. The devel-
oped comprehensive two-field shell formulation is converted into the weak form to be
implemented numerically, and the Isogeometric analysis (IGA) is applied to satisfy
the C1 continuity requirement for the numerical implementation of the shell analy-
sis across element boundaries stemming from the second derivative of the curvature
tensor.
First, the developed comprehensive two-field shell formulation is applied to a
pressure buckling problem of closed spherical shells with homogeneous natural curva-
ture. In summary, we have presented an analytical study of the buckling of complete
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spherical shells under the combined loading of external pressure and a non-mechanical
stimulus that induces a change in the shell’s natural curvature. We have extended
the classical results found by Koiter [Koiter, 1969,Koiter and Van Der Heijden, 2009]
to include the effects of the bending pre-stress, and we showed that an evolving nat-
ural curvature can significantly increase or decrease the pressure required to induce
buckling. The analytical model was verified numerically using a bi-layer shell model
allowing the differential swelling for the thickness direction. The theory and numerics
suggest that a negative natural curvature could produce a strengthening factor in the
buckling of spherical shells. This could be achieved experimentally by preparing thin
shells out of bimetals and studying shell buckling under different temperatures, e.g.
complementing and extending work from Rutgerson et al. [Rutgerson and Bottega,
2002]. We anticipate these results being useful for a broad range of shells designed
for shape-shifting applications, for example, shells loaded by a combination of pres-
sure and electrical stimuli [Lochmatter and Kovacs, 2007, Xie et al., 2016], which in
certain circumstances will generate both membrane and curvature stresses. Addi-
tionally, the active, lateral growth that occurs during the morphogenesis of plant and
animal cells is analogous to elastic shells passively loaded via pressure [Cherdantsev
and Grigorieva, 2012], and these growing, active shells will be under a combined pres-
sure and curvature loading when they interact with lipids and proteins [HW et al.,
2002,Zimmerberg and Kozlov, 2006].
Second, the optic cup (OC) morphogenesis during embryonic development is mim-
icked via the developed comprehensive two-field shell formulation. In summary, using
analytical theory and nonlinear shell finite-element simulations, we have showed for
optic vesicles (OV) experiencing matrix-constrained growth that elastic instabilities
govern the OC morphogenesis. By capturing the stress amplification owing to mass
increase during growth, we have showed that the morphogenesis is driven by two
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elastic instabilities analogous to the snap-through in spherical shells, where the sec-
ond instability is sensitive to the OV geometry as the initial geometry of the OC.
In particular, if the OV is too slender, it will buckle and break axisymmetry, thus
preventing normal development. Because the normal operation of the eye depends
on sensitive morphogenetic processes for its eventual shape, developmental flaws can
lead to wide-ranging ocular defects. Our results shed light on the morphogenetic
mechanisms governing the formation of a functional biological system, and the role
of elastic instabilities in the shape selection of soft biological structures. Because
our model is predictive based on the initial geometry, we hope that our study will
motivate experimental efforts to measure radius R, thickness h, and opening angle α
of the initial OV to investigate their effects on the OC morphogenesis and to verify
the accuracy of our model predictions.
Furthermore, a novel stimuli-responsive shell theory is proposed in this thesis as
the effect of non-mechanical stimuli is dealt with as effective external loadings to de-
form the initial body in which the internal stress is calculated based on deformations
from the initial body like the standard continuum mechanics, by employing the natu-
ral fundamental forms associated with the change in rest length and curvature of the
mid-surface under non-mechanical stimuli. In this novel theory, analytical equations
are derived to calculate the natural fundamental forms and material properties by
using the stress-free 3D metric tensor on each layer, which can be experimentally
measured or theoretically calculated under a certain circumstance of non-mechanical
stimuli, for general multi-layer surfaces. As the variational method is applied to this
novel stimuli-responsive shell theory, how non-mechanical stimuli act to deform the
body is clearly interpreted, and a stability criterion is derived for the linear stabil-
ity analysis. We have validated the ability of the proposed novel stimuli-responsive
shell theory with benchmark problems as prescribing the natural fundamental forms,
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and have applied this novel theory to practical example problems by using stimulus-
induced expansion factors, obtained from experiments or theoretical calculation, for
the stress-free 3D metric tensor of each layer to calculate the natural fundamental
forms and material properties. As the weak form of the novel stimuli-responsive
shell theory has the same form as the conventional shell analysis, it is expected that
mechanicians and non-mechanicians alike can easily modify existing computational
tools with the effective external loadings calculated in this novel theory, in order to
study how various types of non-mechanical stimuli impact the mechanics and physics
of thin shell structures. Since our example problems has been focused on the cases
where non-mechanical stimuli induce directional expansions on each layer for gen-
eral multi-layer surfaces such that the stress-free 3D metric tensor on each layer can
be described just with expansion factors, we hope that other specific cases, such as
stimulus-induced shear and twisting on each layer, will be studied.
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Höhn, S., Honerkamp-Smith, A. R., Haas, P. A., Trong, P. K., and Goldstein, R. E.
(2015). Dynamics of a volvox embryo turning itself inside out. Physical review
letters, 114(17):178101.
Holmes, D. P. (2019). Elasticity and stability of shape-shifting structures. Current
opinion in colloid & interface science, 40:118–137.
Holzapfel, A. G. (2000). Nonlinear solid mechanics II. John Wiley & Sons.
Hong, W., Zhao, X., Zhou, J., and Suo, Z. (2008). A theory of coupled diffusion
and large deformation in polymeric gels. Journal of the Mechanics and Physics of
Solids, 56(5):1779–1793.
Hosseini, H. S., Beebe, D. C., and Taber, L. A. (2014). Mechanical effects of the
surface ectoderm on optic vesicle morphogenesis in the chick embryo. Journal of
biomechanics, 47(16):3837–3846.
138
Hosseini, H. S. and Taber, L. A. (2018). How mechanical forces shape the developing
eye. Progress in biophysics and molecular biology, 137:25–36.
Huang, C., Wang, Z., Quinn, D., Suresh, S., and Hsia, K. J. (2018). Differential
growth and shape formation in plant organs. Proceedings of the National Academy
of Sciences, 115(49):12359–12364.
Huggins, M. L. (1942). Some properties of solutions of long-chain compounds. The
Journal of Physical Chemistry, 46(1):151–158.
Hughes, T. J. and Carnoy, E. (1983). Nonlinear finite element shell formulation
accounting for large membrane strains. Computer Methods in Applied Mechanics
and Engineering, 39(1):69–82.
Humphrey, J. and Rajagopal, K. (2002). A constrained mixture model for growth and
remodeling of soft tissues. Mathematical models and methods in applied sciences,
12(03):407–430.
Hutchinson, J. (1967). Imperfection sensitivity of externally pressurized spherical
shells. Journal of Applied Mechanics, 34(1):49–55.
Hutchinson, J. W. and Thompson, J. M. T. (2017). Nonlinear buckling interaction
for spherical shells subject to pressure and probing forces. Journal of Applied
Mechanics, 84(6).
Huyghe, J. M. and Janssen, J. D. (1997). Quadriphasic mechanics of swelling incom-
pressible porous media. International Journal of Engineering Science, 35(8):793–
802.
HW, G. L., Wortis, M., and Mukhopadhyay, R. (2002). Stomatocyte–discocyte–
echinocyte sequence of the human red blood cell: Evidence for the bilayer–couple
hypothesis from membrane mechanics. Proceedings of the National Academy of
Sciences, 99(26):16766–16769.
Hyer, J., Kuhlman, J., Afif, E., and Mikawa, T. (2003). Optic cup morphogenesis
requires pre-lens ectoderm but not lens differentiation. Developmental biology,
259(2):351–363.
Ishii, Y., Weinberg, K., Oda-Ishii, I., Coughlin, L., and Mikawa, T. (2009). Morpho-
genesis and cytodifferentiation of the avian retinal pigmented epithelium require
downregulation of group b1 sox genes. Development, 136(15):2579–2589.
Jiang, X., Pezzulla, M., Shao, H., Ghosh, T. K., and Holmes, D. P. (2018). Snapping
of bistable, prestressed cylindrical shells. EPL (Europhysics Letters), 122(6):64003.
Kebadze, E., Guest, S., and Pellegrino, S. (2004). Bistable prestressed shell struc-
tures. International Journal of Solids and Structures, 41(11-12):2801–2820.
139
Kestin, J. (1979). A course in thermodynamics, volume 1. CRC Press.
Kiendl, J., Hsu, M.-C., Wu, M. C., and Reali, A. (2015). Isogeometric kirchhoff–love
shell formulations for general hyperelastic materials. Computer Methods in Applied
Mechanics and Engineering, 291:280–303.
Kim, Y., Yuk, H., Zhao, R., Chester, S. A., and Zhao, X. (2018). Printing fer-
romagnetic domains for untethered fast-transforming soft materials. Nature,
558(7709):274 – 279.
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Zürcher & Furrer.
147
Curriculum Vitae
148
149
